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NON-DEGENERATE INVARIANT (SUPER)SYMMETRIC BILINEAR
FORMS ON SIMPLE LIE (SUPER)ALGEBRAS
SOFIANE BOUARROUDJA, ANDREY KRUTOVB,D,
DIMITRY LEITESA,C, IRINA SHCHEPOCHKINAD
Abstract. We review the list of non-degenerate invariant (super)symmetric bilinear forms
(briefly: NIS) on the following simple (relatives of) Lie (super)algebras: (a) with symmetriz-
able Cartan matrix of any growth, (b) with non-symmetrizable Cartan matrix of polynomial
growth, (c) Lie (super)algebras of vector fields with polynomial coefficients, (d) stringy a.k.a.
superconformal superalgebras, (e) queerifications of simple restricted Lie algebras.
Over algebraically closed fields of positive characteristic, we establish when the deform (i.e.,
the result of deformation) of the known finite-dimensional simple Lie (super)algebra has a NIS.
Amazingly, in most of the cases considered, if the Lie (super)algebra has a NIS, its deform has
a NIS with the same Gram matrix after an identification of bases of the initial and deformed
algebras. We do not consider odd parameters of deformations.
Closely related with simple Lie (super)algebras with NIS is the notion of doubly extended
Lie (super)algebras of which affine Kac–Moody (super)algebras are the most known examples.
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1. Introduction
This is a sequel to our talk at the conference “Representation Theory at the Crossroads of
Modern Mathematics” in honor of Alexandre Kirillov-pe`re, Reims, May 29 – June 2, 2017. At
the talk, we reported two results: that of [BLLSq] (classification of the simple Lie superalgebras
in characteristic 2 — modulo classification of simple Lie algebras over the same field — by means
of the two methods: queerification and “method 2”) and that of [KrLe] vital for “method 2”.
We needed derivations and central extensions of simple Lie (super)algebras in the approach
to the classification of simple Z-graded Lie (super)algebras of depth 1 we used over C, see [LSh];
we hope to adjust the same approach to classification of simple vectorial Lie (super)algebras for
p = 3 and 2 (for p > 3, the classification is obtained; for a summary, see [S]). For certain types
of simple Lie (super)algebras their derivations and central extensions are described in [BGLL],
where several results are interpreted using a recently distinguished notion: double extension
of Lie (super)algebras, see § 2. One of the three ingredients that define a double extension
of a given Lie (super)algebra h is a non-degenerate invariant (super)symmetric bilinear form
(briefly: NIS) on h.
Here, we consider two types of Z-graded simple (or close to simple) Lie (super)algebras for
which classification is obtained or at least conjectured: finite-dimensional and of polynomial
growth; we mention several other types as well. We recall the known results (which of the
algebras of these two types have a NIS) and, for the cases where the true deforms (the results
of deformations, neither trivial, nor semitrivial; for a characterization of semitrivial deforms in
some cases, see [BLLS] and especially [BGLd]) of these algebras are classified, we investigate if
the deform has a NIS. (We also have to mention several non-simple but natural examples of Lie
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(super)algebras, e.g., the ones with non-invertible Cartan matrix and results of (generalized)
Cartan prolongations, see [Shch].)
1.1. General comments. Over fields K of characteristic p > 0, simple Lie (super)algebras
have overwhelmingly many deformations; for p small (3 or, even worse, 2), the number of
deformations becomes appalling. We are interested, however, in deforms, i.e., the results of
deformations, rather than in deformations themselves, besides, some deforms, although corre-
spond to integrable, and not cohomologous to zero, cocycles are semi-trivial, i.e., the corre-
sponding deforms are isomorphic to the initial (super)algebra; only few deforms are true, see
[BLW, BGLd].
On the last page of [Zus], there are given conditions for the deform of a Lie algebra g with the
new bracket [x, y]t =
∑
ϕi(x, y)t
i, where ϕ0(x, y) = [x, y], to have a NIS (x, y)t =
∑
(x, y)jt
j ,
provided (·, ·)0 is a NIS on g. Namely, for any x, y, z ∈ g we should have
∑
i+j=n, 0≤i,j
(ϕi(x, y), z)j + (x, ϕi(y, z))j = 0 for n = 0, 1, . . . .
In our computations (proofs of Claims with the aid of the SuperLie package [Gr]) we checked
when these conditions, and their (not obvious) superizations are fulfilled. We observed the
following very interesting fact we can not explain.
1.1.1. Fact. In all cases for p 6= 2 we know, except the serial deforms svectexpi and svect(1)1+u¯,
see table (72), if a given simple Lie (super)algebra has a NIS, then its deform also has a NIS.
The results of computer experiments (the two series of exceptions from Fact, see Conjec-
ture 5.4.1) trouble us, but these exceptions are also a fact (and “fact are stubborn things”).
In [PU, Proposition 5.10 (Proposition 4.4.1 in the arXiv version)], it is proved, using sim-
ple arguments, that “a deformation of a finite-dimensional complex Lie algebra with a NIS,
is equivalent to a deformation with the form unchanged...” The statement in [PU] is not as-
tonishing: over a quadratically closed fields of characteristic 6= 2 any NIS has the unit Gram
matrix in some basis. If we deform this form, then at first it remains non-degenerate, and it is
conceivable to change a basis to keep the same Gram matrix. But why is it possible to deform
the form preserving its invariance? So Fact 1.1.1 is remarkable, whereas exceptions from it
should have been expected.
1.2. The types of Lie (super)algebras we consider. (A) Over C.
If A is symmetrizable and invertible, then the Lie (super)algebra g(A) has a NIS, see (4),
provided either p 6= 2, or p = 2 and g2α = 0 for any root α.
If A is non-symmetrizable corresponding to the Lie superalgebra g(A) of polynomial growth,
there are two types of such Lie superalgebras; on psqℓ(2)(n), there is an odd NIS for g(A) of
one type, and no NIS for g(A) of the other type, see § 7.
Over algebraically closed fields K of characteristic p > 0, finite-dimensional Lie algebras and
Lie (super)algebras g(A) with indecomposable Cartan matrix A have been classified, see [BGL].
We investigate the existence of NIS on all true deforms of Lie algebras of the form g(A), and
on their simple relatives. We do not know how many non-isomorphic Lie algebras are there
among the deforms of a given g. To answer this question, one should apply (for example) the
technique of Kuznetsov and Chebochko, cf. [KuCh, ChKu]. In the absence of the answer, we
chose a basis in the cohomology space, and for every element of the basis, we tested a cocycle
representing it.
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(B) To Dzhumadildaev’s announcement [Dz1] on classification of NISes on simple Z-graded
vectorial Lie algebras in characteristic p > 0, reproduced (with explicit proof added) in the
book by Strade and Farnsteiner [SF]1 we add
(Ba) the examples of simple vectorial Lie (super)algebras for p = 5 and 3 found after [Dz1, SF]
were published, and
(Bb) deforms of simple finite-dimensional Lie (super)algebras g(A) with indecomposable
Cartan matrix A or simple subquotients (“relatives”) thereof; (for the cases these deforms have
no Cartan matrix) classified for p > 0, see [BGL, BGLd].
(C) We extend these investigations of cases (A) and (B) to simple vectorial Lie superalgebras,
first of all over C, where the classification is obtained (see [Sh5, Sh14, LSh] and [K, K10, CaKa]
and references therein) and also over K for p > 2 as far as a conjecture and partial classification
results (see [BGLLS, BGLLS1, BLLS]) enable us to embrace the known examples and correct
some claims in [NS].
(D) We also consider the simple Lie superalgebras with an odd supersymmetric invariant
bilinear form, and their non-simple relatives, both finite-dimensional and of polynomial growth.
We do not consider odd parameters of deformations.
1.3. NIS: selected applications. In (quantum) inverse scattering method for solving partial
differential equations: for a general review, see [FT, §1.1, §4.1], [BSz]; for a discussion in the
context of BV-quantization, see [KK].
It is known (due to P. Etingof, I. Losev) that the (super)algebra of observables (deformed
Fock space) of the Calogero models based on the root system is simple for almost all val-
ues of the coupling constants. Konstein et al. found exact values of coupling constants for
which the bilinear forms induced by (super)traces become degenerate, and the (super)algebra
of observables acquires ideals, see [KS, KT].
2. Double extension: an interesting notion
Well-known examples of indecomposable double extensions to be defined shortly are affine
Kac–Moody algebras g(A) with indecomposable Cartan matrix A over C, see [Kb]; gl(pn) and
gl(n|n+kp) for any k ∈ N in characteristic p > 0; Lie superalgebras gl(n|n), q(n), and po(0|m)
for any p. “Pendant plus de quarante ans, nous avons parle´ de prose — et ce n’est pas connu!”
2.1. Definition of double extension. In this Section, we explain how the construction
of double extension works for Lie algebras over fields of any characteristic, and Lie
superalgebras over fields of characteristic p 6= 2. For the (rather non-trivial) case p = 2,
see [BeBou].
Observe that for Lie algebras over fields K of characteristic p > 0 and Lie superalgebras for
any p, an analog of well-known NIS, called the Killing form, should be sought in projective
representations. In other words, the said analog should be related to a non-trivial central
extension, see [Kapp, GP]. It only remained to add a(n outer) derivation to get even nicer
object. The double extension requires one more ingredient: a NIS.
Given a Lie (super)algebra h, its double extension g simultaneously involves three ingredients:
1) a central extension hc of h with the center spanned by c, so h ≃ hc/Kc,
2) a derivation D of hc such that g ≃ hc ⋉KD, a semidirect sum,
3) an h-invariant NIS Bh on h. Observe that, in super setting, Bh can be odd.
Then, under certain conditions, there is a NIS B on g, which extends Bh, and the interesting
cases are the ones where the Lie algebra g is not a direct sum of ideals h and Kc⊕KD; we call
such direct sums decomposable double extensions; it is called reducible in [BeBou].
1In [Fa, SF], the invariant bilinear form on the Lie algebra g is referred to as associative form of g.
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2.1.1. Lemma (On a central extension). (Lemma 3.6, page 73 in [BB]) Let h be a Lie
(super)algebra over a field K, let Bh be an h-invariant NIS on h, and D ∈ der h a derivation
such that Bh is D-invariant, i.e.,
(1) Bh(Da, b) + (−1)p(a)p(D)Bh(a,Db) = 0 for any a, b ∈ h.
Then the bilinear form ω(a, b) := Bh(Da, b) is a 2-cocycle of the Lie (super)algebra h.
Thus, in the assumptions of Lemma 2.1.1, we can construct a central extension hω of h given
by cocycle ω so that hω/Kc ≃ h.
Let us find out what the conditions for D-invariance of the cocycle ω are, i.e., when the
operator d ∈ gl(hω), such that d(c) = 0 and d|h = D, is a derivation of the Lie (super)algebra
hω. For this, we have to verify that
(2) ω(Dx, y) + (−1)p(x)p(D)ω(x,Dy) = 0 for all x, y ∈ h.
We have
ω(Dx, y) + (−1)p(x)p(D)ω(x,Dy) = Bh(D2x, y) + (−1)p(x)p(D)Bh(Dx,Dy) =
Bh(D
2x, y)− (−1)p(x)p(D)+p(D)(p(D)+p(x))Bh(D2x, y) = (1− (−1)p(D)2)Bh(D2x, y).
Since the form Bh is nondegenerate on h, it follows that equality (2) holds for any x, y ∈ h if
and only if the operator D is either even, or odd and such that D2 = 0. (Recall again that we
do not consider Lie superalgebras for p = 2.)
Thus, we have a Lie (super)algebra hω and its derivation d. Generally, given an arbitrary Lie
superalgebra h and its even derivation D, we can always construct a semidirect sum h⋉KD. If,
however, D is odd, to construct a semidirect sum h⋉KD, we must require that D2 is an inner
derivation. Luckily, even a stronger condition is satisfied: d2 = 0, and hence we can construct
a semidirect sum g = hω ⋉Kd.
On the Lie (super)algebra g, define a (super)symmetric form B by setting
(3) B|h = Bh, B(d, c) = 1, B(c, x) = B(d, x) = B(c, c) = B(d, d) = 0 for all x ∈ h.
2.1.2. Lemma (On non-degenerate invariant symmetric forms). (Theorem 1, page 68
in [BB]; for Lie algebras: Exercise 2.10 in [Kb]) The form B defined by (3) is a NIS on g.
Thus constructed Lie (super)algebra g with NIS B on it is called the double extension or, for
emphasis, D-extension, of h.
2.1.2a. Remark. If the derivation D is inner, i.e., there exists an x ∈ h such that D = adx,
then the operator D−adx vanishes identically. Replacing D by D−adx, we see that the cocycle
ω is also the zero one, and hence the Lie (super)algebra g is a direct sum of its ideal h and
a 2-dimensional commutative ideal, on which we defined a nondegenerate symmetric bilinear
form. Evidently, this — decomposable — case is not interesting.
2.2. Lie (super)algebra g that can be a double extension of a Lie (super)algebra h.
Let g be a Lie algebra over any field K or a Lie superalgebra over a field K of characteristic
p 6= 2; let B be a non-degenerate invariant (super)symmetric bilinear form on g, and c 6= 0 a
central element of g.
The invariance of the form B implies that B(c, [x, z]) = 0 for any x, z ∈ g, i.e., the space
c⊥ contains the commutant g(1) = [g, g] of g, and hence is an ideal. Since the form B is
nondegenerate, the codimension of this ideal is equal to 1.
If B(c, c) 6= 0, then the Lie (super)algebra g is just a direct sum g = Kc ⊕ c⊥. This case is
not interesting, i.e., decomposable.
Moreover, even if B(c, c) = 0, but c /∈ g(1), then any subspace V ⊂ g, complementing Kc and
containing g(1), is an ideal and the Lie (super)algebra g is a direct sum of ideals: g = V ⊕Kc.
On the ideal V , the form B must be degenerate with a 1-dimensional kernel. Let KerB|V = Kd,
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where d is an element in the kernel of the restriction B|V such that B(d, c) = 1. Since the kernel
of the invariant form is an ideal, and d can not lie in g(1), we see that V = h⊕Kd, where h is an
arbitrary subspace of V complementing Kd and containing g(1), and hence an ideal. Then the
Lie (super)algebra g is a direct sum of ideals g = h⊕Kd⊕Kc and the form B is nondegenerate
on h, as well as on the commutative ideal Kd⊕Kc. In other words, this case is decomposable.
2.2.1. Theorem. Let g be a Lie algebra over any field K or a Lie superalgebra over a field K of
characteristic p 6= 2; let B be a non-degenerate invariant (super)symmetric bilinear form on g,
and z(g) the center of g. If g(1) ∩ z(g) 6= 0, then g is a double extension of a Lie (super)algebra
h.
Proof. Let c 6= 0 be a central element of g lying in g(1). We have seen already that the space
V := c⊥ contains g(1), and hence is an ideal of g. Since c ∈ g(1), we have B(c, c) = 0. Non-
degeneracy of B implies that, first, codimV = 1, and, second, there exists an element d ∈ g\V
such that B(d, c) = 1. Since c = [x, y] for certain x, y ∈ g, the invariance of B implies that
−(−1)p(x)p(y)B(y, [x, d]) = B([x, y], d) = B(c, d) 6= 0,
i.e., d is not central.
Let h := V/Kc. The element c belongs to the kernel of the restriction B|V . Therefore B
descends onto the quotient h, and remains h-invariant. Denote this restriction by Bh. The
action of d also descend onto h, defining a derivation D of h:
D := prh(d|V ).
Besides, the g-invariance of B implies that Bh is D-invariant.
Denote W := d⊥ ∩ V . Then V = Kc ⊕ W (as linear spaces) and the natural projection
pr : W −→ h is an isomorphism of linear spaces, i.e., we may consider W = pr−1(h) as “embed-
ding of h (as a space) into g”.
As a result, we see that g is cooked from h by means of a central extension and a derivation
while the form B is obtained from the form Bh by precisely the rules of constructing double
extensions. So it only remains to compute the cocycle σ defining the central extension.
Let x, y ∈ W . Then
[x, y] = pr−1([pr x, pr y]) + σ(pr x, pr y)c and B(d, [x, y]) =
σ(x, y)B(d, c) = σ(pr x, pr y).
Now, we use the invariance condition for the triple x, d, y:
B([x, d], y) + (−1)p(x)p(d)B(d, [x, y]) = 0 =⇒
B(d, [x, y]) = B([d, x], y) = Bh(D pr x, pr y) =⇒ σ(pr x, pr y) = Bh(D pr x, pr y).
But this is precisely the statement that g is a double extension of h. 
2.3. On history. In 1984, the notion of double extension of Lie algebras (shorter and more
suggestively called D-extension in [BeBou]) was distinguished, see [MR]. Medina and Revoy
inductively constructed a Lie algebra g with a non-degenerate g-invariant symmetric bilinear
form Bg from an algebra h of dimension dim g− 2 with a non-zero center and a non-degenerate
h-invariant symmetric bilinear form Bh.
At almost the same time there was written a paper [FS], in which the doubly extended Lie
algebras g and g˜ were considered up to isometry, i.e., an isomorphism π : g→ g˜ such that
Bg˜(π(f), π(g)) = Bg(f, g) for any f, g ∈ g.
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It is reasonable to consider classes of double extensions up to an isometry, not individual double
extensions. This proved useful, e.g., in [BeBou] where several new classes of double extensions
explained some results in [BGLL].
In [BB], one of the first papers on double extensions, the notion was extended to Lie su-
peralgebras for p 6= 2. For a most recent of various generalizations of Theorem 2.2.1, see
[ABB].
The paper [BeBou] gives a review of known examples of double extensions, but its main,
new, and most interesting results are general constructions and examples of double extensions
of Lie superalgebras over fields of characteristic p = 2.
3. Lie (super)algebras with indecomposable symmetrizable Cartan matrices
Any Lie (super)algebra g(A) with symmetrizable Cartan matrix A with entries in the ground
field K has an invariant (super)symmetric bilinear form; this form is non-degenerate if A is
invertible. For a precise definition of Cartan matrix of the Lie algebra in the case where
p > 0 and that of the Lie superalgebra for any p, see [BGL], where finite-dimensional Lie
(super)algebras with indecomposable Cartan matrices are classified over K. Two types of
infinite-dimensional Lie (super)algebras with indecomposable A are classified and can be studied
closer:
(A) finite-dimensional and of polynomial growth (one stringy and “affine Kac–Moody” (su-
per)algebras, see [LSS, HS, BGL]) and
(B) one class of exponential growth: “almost affine”, a.k.a. “hyperbolic”, Lie algebras and
superalgebras, see [CCLL].
We denote the positive elements of the Chevalley basis (for its definition, see [CCLL]), by
xi, the corresponding negative ones are yi; we set hi := [xi, yi] for the generators xi, yi only.
3.1. NIS on g(A) with A symmetrizable. Let A = DB, where D = diag(ε1, . . . , εn) and
B = BT , be an n × n Cartan matrix, n < ∞. For the proof of existence and uniqueness (up
to a scalar factor) of NIS in the non-super case over C, see [Kb, Th.2.2, p.17], the superization
and generalization for algebraically closed fields of characteristics p > 2 is immediate if either
p 6= 2, or p = 2 and g2α = 0 for any root α; namely, as follows.
Define the (super)symmetric invariant bilinear form (·, ·) inductively, starting with Chevalley
generators xi, yi of degree ±1 as follows, where indices in g±1 are degrees relative the principal
Z-grading, whereas in gα they denote the weights:
(4)
On g0 : (hi, hj) := Bi,jεiεj;
On g±1 : (xi, yj) := δi,jεj ;
On gα ⊕ g−α : (x, y) = (−1)p(x)p(y)(y, x) :=
∑
([x, ui], vi)
for any x ∈ gα and any representation
y =
∑
[ui, vi] ∈ g−α, where 0 > deg ui > deg y, 0 > deg vi > deg y;
gα ⊥ gβ if α + β 6= 0.
The form (·, ·) is NIS on g(A) for any symmetrizable A, even if A = 0. (For example, if A is
non-invertible of corank 1, the form induces NIS on g(A)(1)/c , where g(A)(1) := [g(A), g(A)]
and c is the center of g(A). This, however, is hardly interesting: the point is given a NIS on h,
define a NIS on a double extension of h.)
In the next subsections we consider finite-dimensional modular Lie (super)algebras g(A)
with indecomposable Cartan matrix A classified in [BGL]. All such Lie algebras (resp. superal-
gebras) are rigid for p > 3 (resp. for p > 5, with the exception of ospa(4|2)), see [BGLd]. Below
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we consider all non-rigid modular Lie algebras and Lie superalgebras with indecomposable
Cartan matrix and their simple relatives, see [BLW] and [BGLd], except for those deformed
with an odd parameter.
3.1.1. Remark. It seems that for p = 2 Lie superalgebras with root spaces g2α 6= 0 can not
have NIS since even oo
(1)
IΠ(1|2) — the analog of osp(1|2) for p = 2, see [BGL] — does not have
it. If the form (·, ·) is invariant, then nondegeneracy is violated:
(x, x2) = ([x2, y], x2) = (y, [x2, x2]) = 0;
(x, x) = ([x2, y], x) = (y, [x2, x]) = 0;
(x, h) = ([x2, y], h) = (y, [x2, h]) = 0;
(x, y) = ([x2, y], y) = (x2, [y, y]) = 0;
(x, y2) = ([x2, y], y2) = (x2, [y, y2]) = 0.
3.2. The deforms of o(5) for p = 3. These deforms constitute two non-isomorphic types,
see [BLW]:
1) The parametric family br(2; ε) with Cartan matrix
(
2 −1
−2 1− ε
)
; it has NIS by the recipe
(4). Note that br(2; ε) is simple if ε 6= 0, and br(2;−1) = o(5) ≃ sp(4).
2) An exceptional simple Lie algebra L(2, 2) discovered by A. Kostrikin and Kuznetsov.
Recall the description of L(2, 2), see [BLW, Prop. 3.2]. The contact bracket of two polynomials
in divided powers f, g ∈ O(p, q, t;N) is defined to be
(5) {f, g} := △f · ∂tg − ∂tf · △g + ∂pf · ∂qg − ∂qf · ∂pg, where △f = 2f − p∂pf − q∂qf .
Let α and β be the simple roots of o(5) and Eγ be the root vector corresponding to root γ.
The following is the bracket in L(2, 2)
(6) [·, ·] = {·, ·}+ 2 c, where c = x1 ⊗ dy3 ∧ dy4 + 2 x3 ⊗ dy1 ∧ dy4 + x4 ⊗ dy1 ∧ dy3
given in terms a basis of br(2; ε) expressed via generating functions of k(3;1):
(7)
deg the generatorits weight ∼ its generating function(=the Chevalley basis vector)
−2 E−2α−β = {E−α, E−α−β} ∼ 1(= y4)
−1 E−α ∼ p(= y2); E−α−β = {E−β , E−α} ∼ q(= y3)
0 Hα ∼ −εt+ pq(= h2); Hβ ∼ −pq(= h1); Eβ ∼ p2(= y1); E−β ∼ −q2(= x1)
1 Eα ∼ −(1 + ε)pq2 + εqt(= x2); Eα+β = {Eβ , Eα} ∼ (1 + ε)p2q + εpt(= x3)
2 E2α+β = {Eα, Eα+β} ∼ ε(1 + ε)p2q2 + ε2t2(= x4)
3.2.1. Claim (NIS on deforms of o(5)). The deform (6) of o(5) preserves NIS with the
same Gram matrix as the one determined by recipe (4) applied to o(5).
In Claims 3.3, 3.4 we consider all Lie (super)algebras with indecomposable Cartan matrix
(not isomorphic to br(2; ε)) that can be deformed with even parameter, see [BGLd], but whose
deforms have no Cartan matrix. We consider deforms with even parameter as the same space
but with different brackets; in this way we can compare the Gram matrices of bilinear forms
on the algebra and its deform.
3.3. Claim (NIS on deforms of g = br(3) and wk(4;α)). For Lie algebras g = br(3),
and wk(4;α) for α 6= 0, 1, where wk(4;α) ≃ wk(4;α′) if and only if α′ = 1
α
, see [BGL], and Lie
superalgebra brj(2; 3), all deforms depend on even parameters (as proved in [BGLd]). These
deforms preserve NIS with the same Gram matrix as the one determined by recipe (4) applied
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to g, except for the deform of wk(4;α) with cocycle λc0 with parameter λ ∈ K distinct from
0 and α, when the Gram matrix is a different one, of the form
Γh,h 0 00 0 Γx,y
0 (Γx,y)
T 0
, where
for the same numbering of Chevalley generators h, x and y as in [BGL] for the Cartan matrix
obtained from (8) at λ = 0, we have
(8) Γh,h =

0 α 1 λ
α 0 0 0
1 0 0 1
λ 0 1 0

and
(9) Γx,y = diag
(
1,
α
α+ λ
, 1, 1, α, 1, 1, α, 1, A2, α, A2, A2, A3, αA3
)
,
where A2 := (α
2 + λα+ α) and A3 := (α
3 + α2 + λ2α + λα).
For the deform of wk(4;α) with cocycle αc0, i.e., when the deformation parameter is equal
to α, we only have a degenerate invariant symmetric bilinear form Bαc0 for which Bαc0(x2, y2) 6=
0 and zero on all other pairs of Chevalley basis vectors.
3.4. Claim (NIS on deforms of wk(3;α)). For Lie algebra wk(3;α) for α 6= 0, 1, where
wk(3;α) ≃ wk(3;α′) if and only if α′ = aα+ b
cα+ d
for some
(
a b
c d
)
∈ SL(2;Z/2), see [BGL],
all deforms depend on even parameters ([BGLd]). These deforms preserve NIS with the same
Gram matrix as the one determined by recipe (4) applied to g except for the deform with cocycle
λc0 with parameter λ ∈ K distinct from 0 and α, when the Gram matrix is a different one, of the
form Bα,λ :=
∆h,h 0 00 0 ∆x,y
0 (∆x,y)
T 0
, where for the same numbering of Chevalley generators
h, x and y as in [BGL] for the Cartan matrix obtained from the matrix (10) at λ = 0, we have
(10) ∆h,h =

0 α + λ 0
α + λ 0
α+ λ
α
0
α+ λ
α
0

and
∆x,y = diag
(
1,
A
α
,
A
α
, A,
A
α
, A, α2λ2 + α2 + αλ3 + αλ2 + αλ+ α + λ3 + λ
)
,
where A = αλ+ α+ λ2 + λ.
The kernel of Bα,λ is the center of wk
(1)(3;α) spanned by the vector c := h1 + αh3 and the
restriction of Bα,λ to wk
(1)(3;α)/Kc is a NIS.
For the deform of wk(1)(3;α)/Kc with cocycle αc0, i.e., when the deformation parameter
is equal to α, we only have a degenerate invariant symmetric bilinear form Bαc0 for which
Bαc0(x1, y1) 6= 0 and zero on all other pairs of Chevalley basis vectors.
4. Linear (matrix) and vectorial Lie (super)algebras; their simple relatives
In representation theory, it is reasonable to consider Lie (super)algebras g of vector fields
together with a natural topology defined by Weisfeiler filtration determined, in its turn, by a
grading vector r, see [LSh, BGLLS]. In our search for NIS on g, topology on the space of g
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is irrelevant, and we consider these Lie (super)algebras as abstract. We recall the list of all
known simple finite-dimensional modular Lie (super)algebras for p ≥ 3, as well as the list of
simple Lie (super)algebras of polynomial growth over C, see [LSh, GLS]; we indicate which of
them have NIS.
We describe each vectorial Lie superalgebra as the result of the (generalized) Cartan prolon-
gation of a pair consisting of a Lie superalgebra and a module over it.
4.1. Linear (matrix) Lie (super)algebras. The general linear Lie superalgebra of all su-
permatrices of size Par corresponding to linear operators in the superspace V = V0¯ ⊕ V1¯ over
the ground field K is denoted by gl(Par), where Par = (p1, . . . , p|Par |) is an ordered collection
of parities of the basis vectors of V and |Par | = dim V ; usually, for the standard (simplest)
format, gl(0¯, . . . , 0¯, 1¯, . . . , 1¯) is abbreviated to gl(dimV0¯| dimV1¯). Any supermatrix from gl(Par)
can be uniquely expressed as the sum of its even and odd parts; in the standard format this is
the following block expression; on non-zero summands the parity is defined:(
A B
C D
)
=
(
A 0
0 D
)
+
(
0 B
C 0
)
, p
((
A 0
0 D
))
= 0¯, p
((
0 B
C 0
))
= 1¯.
The supertrace is the map gl(Par) −→ K, (Xij) 7−→
∑
(−1)piXii, where Par = (p1, . . . , p|Par |).
Thus, in the standard format, str
(
A B
C D
)
= trA− trD.
Observe that for Lie superalgebra glC(p|q) over a supercommutative superalgebra C we have
strX = trA− (−1)p(X) trD for X =
(
A B
C D
)
,
so on odd supermatrices with entries in C such that C1¯ 6= 0, the supertrace coincides with the
trace.
Since str[x, y] = 0, the subsuperspace of supertraceless matrices constitutes the special linear
Lie subsuperalgebra sl(Par).
There are, however, at least two super versions of gl(n), not one; for reasons, see [Lsos, Ch1,
Ch.7]. The other version — q(n) — is called the queer Lie superalgebra and is defined as the
one that preserves the complex structure given by an odd operator J , i.e., q(n) is the centralizer
C(J) of J :
q(n) = C(J) = {X ∈ gl(n|n) | [X, J ] = 0}, where J2 = − id .
It is clear that by a change of basis we can reduce J to the form (shape)
J2n = antidiag(1n,−1n) :=
(
0 1n
−1n 0
)
in the standard format and then q(n) takes the form
(11) q(n) =
{
(A,B) :=
(
A B
B A
)
, where A,B ∈ gl(n)
}
.
On q(n), the queertrace is defined: qtr : (A,B) 7−→ trB. Denote by sq(n) the Lie superalge-
bra of queertraceless matrices; set psq(n) := sq(n)/K12n.
4.1.1. Supermatrices of operators. To the linear map of superspaces F : V −→ W there
corresponds the dual map F ∗ : W ∗ −→ V ∗ between the dual superspaces. In bases consisting
of the homogeneous vectors vi ∈ V of parity p(vi), and wj ∈ W of parity p(wj), the formula
12 Sofiane Bouarroudj, Andrey Krutov, Dimitry Leites, Irina Shchepochkina
F (vj) =
∑
i wiXij assigns to F the supermatrix X . In the dual bases, the supertransposed
matrix Xst corresponds to F ∗:
(Xst)ij = (−1)(p(vi)+p(wj))p(wj)Xji.
4.1.2. Supermatrices of bilinear forms. The supermatrices X ∈ gl(Par) such that
XstB + (−1)p(X)p(B)BX = 0 for an homogeneous matrix B ∈ gl(Par)
constitute the Lie superalgebra aut(B) that preserves the bilinear form Bf on V whose matrix
B = (Bij) is given by the formula
(12) Bij = (−1)p(B)p(vi)Bf (vi, vj) for the basis vectors vi ∈ V .
In order to identify a bilinear form B(V,W ) with an operator, an element of Hom(V,W ∗),
the matrix B of the bilinear form Bf is defined in [Lsos, Ch.1] by eq. (12), not by seemingly
natural but inappropriate for such an identification formula
(13) Bij = B
f (vi, vj) for the basis vectors vi ∈ V .
Moreover, for the odd forms B, the definition (13) contradicts the obvious symmetry of the
NIS defined by qtr on q. Indeed, the symmetry of a homogeneous form Bf means, according
to [Lsos, Ch.1], that Bf(v, w) = (−1)p(v)p(w)Bf(w, v) for any v ∈ V and w ∈ W , i.e., its matrix
B =
(
R S
T U
)
satisfies the condition
(14) Bu = B, where Bu =
(
Rt (−1)p(B)T t
(−1)p(B)St −U t
)
.
Similarly, antisymmetry of B means that Bu = −B. Thus, we see that the upsetting of bilinear
forms u : Bil(V,W ) −→ Bil(W,V ), which for the spaces and the case where V = W is expressed
on matrices in terms of the transposition, is a new operation, not supertransposition.
Observe that the passage from V to Π(V ) turns every symmetric form B on V into
an antisymmetric one on Π(V ).
Most popular normal forms (shapes) of the even nondegenerate supersymmetric form are the
ones whose supermatrices in the standard format are in the following normal forms:
Bev(m|2n) = diag(1m, J2n) :=
(
1m 0
0 J2n
)
or diag(Am, J2n) :=
(
Am 0
0 J2n
)
,
where J2n = antidiag(1n,−1n) :=
(
0 1n
−1n 0
)
and Am = antidiag(1, . . . , 1).
The usual notation for aut(Bev(m|2n)) is osp(m|2n); sometimes one writes more explicitly,
ospsy(m|2n). Observe that the antisymmetric non-degenerate bilinear form is preserved by the
“symplectico-orthogonal” Lie superalgebra, spo(2n|m) or, more prudently, ospa(m|2n), which
is isomorphic to ospsy(m|2n).
A nondegenerate symmetric odd bilinear form Bodd(n|n) can be reduced to a normal shape
whose matrix in the standard format is J2n, see (14), NOT Π2n := antidiag(1n, 1n). A normal
shape of the antisymmetric odd nondegenerate form in the standard format is Π2n. The usual
notation for aut(Bodd(Par)) is pe(Par). The passage from V to Π(V ) establishes an isomorphism
pesy(Par) ∼= pea(Par). These isomorphic Lie superalgebras are called, as A. Weil suggested,
periplectic.
Observe that, though the Lie superalgebras ospsy(m|2n) and ospa(m|2n), as well as pesy(n)
and pea(n), are isomorphic, the difference between them is sometimes crucial, e.g., their Cartan
prolongs, see Subsections 4.6, 4.7, 4.10, are totally different, see [Sh5].
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The special periplectic superalgebra is simple; it is defined to be
spe(n) = {X ∈ pe(n) | strX = 0}.
Of particular interest to us will also be the Lie superalgebras (here charK > 2)
(15) spe(n)a,b = spe(n)⋉K(az + bd), where z = 12n, d = diag(1n,−1n), and a, b ∈ K,
and the nontrivial central extension as of spe(4) that we describe after some preparation.
Finally, observe that the term supersymmetric applied to the bilinear forms in the title of
this paper refers to the property Bij = (−1)p(vi)p(vj)Bji of the matrix of the bilinear form (12);
according to the definition (14) this form is symmetric.
4.2. A. Sergeev’s central extension as of spe(4). In 1970’s A. Sergeev proved that over
C there is just one nontrivial central extension of spe(n) for n > 2. It exists only for n = 4 and
we denote it by as. (For a generalization of Sergeev’s result to analogs of spe(n) over fields K
of characteristic p > 0, see [BGLL].) Let us represent an arbitrary element A ∈ as as a pair
A = x+ d · z, where x ∈ spe(4), d ∈ C and z is the central element. The bracket in as is
(16)
[(
a b
c −at
)
+ d · z,
(
a′ b′
c′ −a′t
)
+ d′ · z
]
=
[(
a b
c −at
)
,
(
a′ b′
c′ −a′t
)]
+ tr cc˜′ · z,
where ˜ is extended via linearity from matrices cij = Eij −Eji on which c˜ij = ckl for any even
permutation (1234) 7−→ (ijkl).
The Lie superalgebra as can also be described with the help of the spinor representation, see
[LShs]. For this, consider the Poisson superalgebra po(0|6), the Lie superalgebra whose super-
space is the Grassmann superalgebra Λ(ξ, η) generated by ξ1, ξ2, ξ3, η1, η2, η3 and the bracket is
the Poisson bracket (36).
Recall that h(0|6) = Span(Hf | f ∈ Λ(ξ, η)). Now, observe that spe(4) can be embedded
into h(0|6), see [ShM]. Indeed, setting deg ξi = deg ηi = 1 for all i we introduce a Z-grading on
Λ(ξ, η) which, in turn, induces a Z-grading on h(0|6) of the form h(0|6) = ⊕i≥−1 h(0|6)i. Since
sl(4) ∼= o(6), we can identify spe(4)0 with h(0|6)0.
It is not difficult to see that the elements of degree −1 in the standard gradings of spe(4) and
h(0|6) constitute isomorphic sl(4) ∼= o(6)-modules. It is subject to a direct verification that it
is possible to embed spe(4)1 into h(0|6)1.
Sergeev’s extension as is the result of the restriction of the cocycle that turns h(0|6) into
po(0|6) to spe(4) ⊂ h(0|6). The quantization deforms po(0|6) into gl(Λ(ξ)); the through maps
Tλ : as −→ po(0|6) −→ gl(Λ(ξ)) are representations of as in the 4|4-dimensional modules spinλ
isomorphic to each other for all λ 6= 0. The explicit form of Tλ is as follows:
(17) Tλ :
(
a b
c −at
)
+ d · z 7−→
(
a b− λc˜
c −at
)
+ λd · 14|4,
where 14|4 is the unit matrix and c˜ is defined in the line under eq. (16). Clearly, Tλ is an
irreducible representation for any λ.
4.3. Projectivization. If s is a Lie algebra of scalar matrices, and g ⊂ gl(n|n) is a Lie subsu-
peralgebra containing s, then the projective Lie superalgebra of type g is pg = g/s. Examples:
pq(n), psq(n); pgl(n|n), psl(n|n); whereas pgl(p|q) ∼= sl(p|q) if p 6= q.
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4.4. “Classical” series of vectorial Lie superalgebra over C. In the table, FD marks the
particular cases of finite dimension.
(18)
N the algebra, conditions for its simplicity
1 vect(m|n) for m ≥ 1 (FD: m = 0, n > 1)
2 svect(m|n) for m > 1 (FD: m = 0, n > 2)
3 svect(1)(1|n) for n > 1
4, FD s˜vect(0|n) for n > 2
5 k(2m+ 1|n)
6 h(2m|n) for m > 0
7 hλ(2|2) for λ 6= −2,− 32 ,−1, 12 , 0, 1,∞
8, FD h(1)(0|n) for n > 3
N the algebra, conditions for its simplicity
9 m(n)
10 sm(n) for n > 1 but n 6= 3
11 bλ(n) for n > 1 and λ 6= 0, 1,∞
12 b
(1)
1 (n) for n > 1
13 b
(1)
∞ (n) for n > 1
14 le(n) for n > 1
15 sle(1)(n) for n > 2
16 s˜bµ(2
n−1 − 1|2n−1) for µ 6= 0 and n > 2
We continue explaining the notation used in Table (18) till Subsection 4.15.
1) General algebras. Let x = (u1, . . . , un, θ1, . . . , θm), where the ui are even indeterminates
and the θj are odd ones. Set vect(n|m) := der C[x]; it is called the general vectorial Lie
superalgebra.
2) Special algebras. The divergence of the field D =
∑
i fi
∂
∂ui
+
∑
j gj
∂
∂θj
is the function
(in our case: a polynomial, or a series)
(19) divD =
∑
i
∂fi
∂ui
+
∑
j
(−1)p(gj) ∂gi
∂θj
.
• The Lie superalgebra svect(n|m) := {D ∈ vect(n|m) | divD = 0} is called the special (or
divergence-free) vectorial superalgebra. Equivalently,
svect(n|m) = {D ∈ vect(n|m) | LD volx = 0},
where volx is the volume form with constant coefficients in coordinates x and LD the Lie
derivative along the vector field D.
• The Lie superalgebra svect(1)(1|m) := [svect(1|m), svect(1|m)] is called the traceless special
vectorial superalgebra.
• The deform of svect(0|m) is the Lie superalgebra
svectλ(0|m) := {D ∈ vect(0|m) | div(1 + λθ1 · · · · · θm)D = 0},
where p(λ) ≡ m (mod 2). It is called the deformed special (or divergence-free) vectorial super-
algebra. Clearly, svectλ(0|m) ∼= svectµ(0|m) for λµ 6= 0. So we briefly denote these deforms by
s˜vect(0|m). Observe that for m odd the parameter of deformation, λ, is odd.
3) The algebras preserving Pfaff equations and certain differential 1- and 2-forms.
• Set u = (t, p1, . . . , pn, q1, . . . , qn); let
(20) α˜1 := dt+
∑
1≤i≤n
(pidqi − qidpi) +
∑
1≤j≤m
θjdθj and ω˜0 := dα˜1 .
The form α˜1 is called contact, the form ω˜0 is called symplectic. Sometimes it is more convenient
to set Θ =
{
(ξ, η) if m = 2k
(ξ, η, θ) if m = 2k + 1,
where
(21) ξj =
1√
2
(θj −
√−1θk+j), ηj = 1√
2
(θj +
√−1θk+j) for j ≤ k =
[m
2
]
; θ = θ2k+1
Nondegenerate invariant (super)symmetric bilinear forms on simple Lie (super)algebras 15
and in place of ω˜0 or α˜1 take α1 and ω0 = dα1, respectively, where
(22) α1 := dt+
∑
1≤i≤n
(pidqi − qidpi) +
∑
1≤j≤k
(ξjdηj + ηjdξj)
{
if m = 2k
+θdθ if m = 2k + 1.
The contact Lie superalgebra is the one that preserves the Pfaff equation
α1(X) = 0 for X ∈ vect(2n+ 1|m)
or, equivalently, preserves the distribution singled out by the form α1, i.e., the superalgebra
(23) k(2n+ 1|m) = {D ∈ vect(2n+ 1|m) | LDα1 = fDα1 for some fD ∈ C[t, p, q, θ]}.
The Lie superalgebra
(24) po(2n|m) = {D ∈ k(2n+ 1|m) | LDα1 = 0}
is called the Poisson superalgebra.
The above “symmetric” expression of α1 is popular among algebraists; due to its symmetry
it is convenient in computations. In mechanics and differential geometry (in pre-super era),
and in characteristic 2, the following expression of the form α1 is used:
(25) α1(2) := dt−
∑
1≤i≤n
pidqi +
∑
1≤j≤k
ξjdηj
{
if m = 2k
+θdθ if m = 2k + 1.
• Similarly, set u = q = (q1, . . . , qn), let θ = (ξ1, . . . , ξn; τ) be odd. Set (expressions in
parentheses are for characteristic 2)
(26) α0 := dτ +
∑
i
(ξidqi + qidξi), (or α0(2) := dτ +
∑
i
ξidqi); ω1 := dα0 (resp. dα0(2))
and call these forms, as A. Weil advised, the pericontact and periplectic, respectively.
The pericontact Lie superalgebra is the one that preserves the Pfaff equation
α0(X) = 0 for X ∈ vect(n|n + 1)
or, equivalently, preserves the distribution singled out by the form α0:
(27) m(n) = {D ∈ vect(n|n+ 1) | LDα0 = fD · α0 for some fD ∈ C[q, ξ, τ ]}.
The Lie superalgebra
(28) b(n) = {D ∈ m(n) | LDα0 = 0}
is called the Buttin superalgebra in honor of C. Buttin who was the first to show that the
Schouten bracket of the functions that generate b(n), see (38), satisfies the super Jacobi identity.
The following are respective divergence-free (or special) Lie subsuperalgebras
(29) sm(n) = {D ∈ m(n) | div D = 0}, sb(n) = {D ∈ b(n) | div D = 0}.
4.5. Generating functions.
• Odd form α1. For any f ∈ C[t, p, q, θ], set:
(30) Kf := (2− E)(f) ∂
∂t
−Hf + ∂f
∂t
E,
where E :=
∑
i yi
∂
∂yi
(here the yi are all the coordinates except t) is the Euler operator, and Hf
is the hamiltonian field with Hamiltonian f that preserves dα˜1:
(31) Hf :=
∑
i≤n
(
∂f
∂pi
∂
∂qi
− ∂f
∂qi
∂
∂pi
)
− (−1)p(f)
(∑
j≤m
∂f
∂θj
∂
∂θj
)
.
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The choice of the form α1 instead of α˜1 only affects the shape of Hf that we give for m = 2k+1:
(32) Hf :=
∑
i≤n
(
∂f
∂pi
∂
∂qi
− ∂f
∂qi
∂
∂pi
)
− (−1)p(f)
(∑
j≤k
(
∂f
∂ξj
∂
∂ηj
+
∂f
∂ηj
∂
∂ξj
)
+
∂f
∂θ
∂
∂θ
)
.
• Even form α0. For any f ∈ C[q, ξ, τ ], set:
(33) Mf := (2−E)(f) ∂
∂τ
− Lef − (−1)p(f)∂f
∂τ
E,
where E :=
∑
i yi
∂
∂yi
(here the yi are all the coordinates except τ), and
(34) Lef :=
∑
i≤n
(
∂f
∂qi
∂
∂ξi
+ (−1)p(f) ∂f
∂ξi
∂
∂qi
)
.
Since
(35)
LKf (α1) = 2
∂f
∂t
α1 = K1(f)α1,
LMf (α0) = −(−1)p(f)2∂f∂τ α0 = −(−1)p(f)M1(f)α0,
it follows that Kf ∈ k(2n+ 1|m) and Mf ∈ m(n). Observe that
p(Lef) = p(Mf ) = p(f) + 1¯.
• To the (super)commutators [Kf , Kg] or [Mf ,Mg] there correspond contact brackets of the
generating functions:
[Kf , Kg] = K{f, g}k.b. ; [Mf ,Mg] =M{f, g}m.b. .
The explicit formulas for the contact brackets are as follows. Let us first define the brackets on
functions that do not depend on t (resp. τ).
The Poisson bracket {·, ·}P.b. (in the realization with the form ω˜0) is given by the formula
(36)
{f, g}P.b. :=
∑
i≤n
(
∂f
∂pi
∂g
∂qi
− ∂f
∂qi
∂g
∂pi
)
−
(−1)p(f) ∑
j≤m
∂f
∂θj
∂g
∂θj
for any f, g ∈ C[p, q, θ]
and in the realization with the form ω0 for m = 2k + 1 it is given by the formula
(37)
{f, g}P.b. :=
∑
i≤n
(
∂f
∂pi
∂g
∂qi
− ∂f
∂qi
∂g
∂pi
)
−
(−1)p(f)
( ∑
j≤m
(
∂f
∂ξj
∂g
∂ηj
+
∂f
∂ηj
∂g
∂ξj
)
+
∂f
∂θ
∂g
∂θ
)
for any f, g ∈ C[p, q, ξ, η, θ].
The Buttin bracket, or Schouten bracket, a.k.a. antibracket, {·, ·}B.b. is given by the formula
(38) {f, g}B.b. :=
∑
i≤n
(
∂f
∂qi
∂g
∂ξi
+ (−1)p(f) ∂f
∂ξi
∂g
∂qi
)
for any f, g ∈ C[q, ξ].
In terms of the Poisson and Buttin brackets, respectively, the contact brackets are
(39) {f, g}k.b. = (2−E)(f)∂g
∂t
− ∂f
∂t
(2− E)(g)− {f, g}P.b.
and
(40) {f, g}m.b. = (2− E)(f)∂g
∂τ
+ (−1)p(f)∂f
∂τ
(2− E)(g)− {f, g}B.b..
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The Lie superalgebra of Hamiltonian fields (or Hamiltonian superalgebra) and its special
subalgebra (defined only if n = 0) are
(41)
h(2n|m) = Span(D ∈ vect(2n|m) | LDω0 = 0),
h(1)(0|m) = Span(Hf ∈ h(0|m) |
∫
f volθ = 0).
The “odd” analogues of the Lie superalgebra of Hamiltonian fields are the Lie superalgebra of
vector fields Lef introduced in [L1] and its special subalgebra:
(42)
le(n) = Span(D ∈ vect(n|n) | LDω1 = 0),
sle(n) = Span(D ∈ le(n) | divD = 0).
It is not difficult to prove the following isomorphisms (as superspaces):
(43)
k(2n+ 1|m) ∼= Span(Kf | f ∈ C[t, p, q, ξ]),
h(2n|m) ∼= Span(Hf | f ∈ C[p, q, ξ]);
m(n) ∼= Span(Mf | f ∈ C[τ, q, ξ]),
le(n) ∼= Span(Lef | f ∈ C[q, ξ]).
We see that the commutants (first derived algebras) in the purely odd case can be described as
po(1)(0|m) = Span(Kf ∈ po(0|m) |
∫
f volθ = 0); h
(1)(0|m) = po(1)(0|m)/C ·K1.
4.6. The Cartan prolongs. We will repeatedly use the Cartan prolongation. So let us recall
the definition and generalize it somewhat. Let g be a Lie algebra, V a g-module, Si the operator
of the ith symmetric power. Set g−1 = V and g0 = g.
Recall that, for any (finite-dimensional) vector space V , we have
Hom(V,Hom(V, . . . ,Hom(V, V ) . . .)) ≃ Lk(V, V, . . . , V ;V ),
where Lk is the space of k-linear maps and we have (k + 1)-many V ’s on both sides. Now, we
recursively define, for any k > 0:
(44)
gk = {X ∈ Hom(g−1, gk−1) | X(v1)(v2, v3, ..., vk+1) = X(v2)(v1, v3, ..., vk+1)
where v1, . . . , vk+1 ∈ g−1}.
The space gk is said to be the kth Cartan prolong (the result of the Cartan prolongation) of
the pair (g−1, g0).
Equivalently, let
(45)
i : Sk+1(g−1)∗ ⊗ g−1 −→ Sk(g−1)∗ ⊗ g∗−1 ⊗ g−1,
j : Sk(g−1)∗ ⊗ g0 −→ Sk(g−1)∗ ⊗ g∗−1 ⊗ g−1
be the natural maps. Then gk = i(S
k+1(g−1)∗ ⊗ g−1) ∩ j(Sk(g−1)∗ ⊗ g0).
The Cartan prolong of the pair (V, g) is (g−1, g0)∗ = ⊕k≥−1 gk.
If the g0-module g−1 is faithful, there exists an injective linear map ϕ : (g−1, g0)∗ −→ vect(n)
such that
(46) ϕ((g−1, g0)∗) ⊂ vect(n) = der C[x1, ..., xn], where n = dim g−1 and
gi = {D ∈ vect(n) | degD = i, [D,X ] ∈ gi−1 for any X ∈ g−1}.
It is subject to a direct verification that the Lie algebra structure on vect(n) induces a Lie
algebra structure on ϕ((g−1, g0)∗). In what follows we do not indicate ϕ; the space (g−1, g0)∗
has a natural Lie algebra structure even if the g0-module g−1 is not faithful.
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4.7. A generalization of the Cartan prolong. Let g− = ⊕−d≤i≤−1 gi be a Z-graded Lie
algebra and g0 ⊂ der0g a Lie subalgebra in the algebra of the Z-grading-preserving derivations.
Let
(47)
i : Sk+1(g−)∗ ⊗ g− −→ Sk(g−)∗ ⊗ g∗− ⊗ g−,
j : Sk(g−)∗ ⊗ g0 −→ Sk(g−)∗ ⊗ g∗− ⊗ g−.
be natural analogs of maps (45). For k > 0, define the kth prolong of the pair (g−, g0) to be:
(48) gk = (j(S
.
(g−)
∗ ⊗ g0) ∩ i(S.(g−)∗ ⊗ g−))k ,
where the subscript k in the right hand side singles out the component of degree k.
Set (g−, g0)∗ = ⊕k≥−d gk; then, as is easy to verify, (g−, g0)∗ is a Lie algebra.
Superization of (generalized) Cartan prolongation procedure is immediate.
4.8. More notation. The tautological representation of a matrix Lie superalgebra g or its
subalgebra g ⊂ gl(V ) in V over the ground field K, and sometimes the module V itself are
denoted by id or, for clarity, idg. The context prevents confusion of these notations with that
of the identity (scalar) operator idV on the space V , as in the next paragraph:
For g = ⊕i∈Z gi, the trivial representation of g0 is denoted by K (if g0 is simple) whereas K[k]
denotes a representation of g0 trivial on the semisimple part of g0 and such that k is the value
of the central element z from g0, where z is chosen so that adz |gi = i · idgi .
Hereafter, cg := g⊕Kz, the trivial central extension of g.
4.9. Vectorial Lie superalgebras as Cartan prolongs. Superizations of the constructions
described in sec. 4.6 are straightforward: via Sign Rule. For its application to p > 0, see
Subsetion 6.7.2. We thus get infinite-dimensional Lie superalgebras (superscript a indicates the
incarnation of the Lie superalgebra osp, pe or spe preserving the anti-symmetric bilinear form):
(49)
vect(m|n) = (id, gl(m|n))∗;
svect(m|n) = (id, sl(m|n))∗;
h(2m|n) = (id, ospa(m|2n))∗;
le(n) = (id, pea(n))∗;
sle(n) = (id, spea(n))∗.
The contact Lie superalgebras and exceptional ones are Cartan prolongs g with nilpotent
(and noncommutative) negative part g−; let us describe them.
• Define the Lie superalgebra hei(2n|m) = W ⊕Cz, where dimW = 2n|m and W is endowed
with a nondegenerate antisupersymmetric bilinear form B, with the following relations:
(50) z spans the center; [v, w] = B(v, w) · z for any v, w ∈ W .
Clearly, we have
(51) k(2n+ 1|m) = (hei(2n|m), cospa(m|2n))∗ .
• The “odd” analog of k is associated with the following “odd” analog of hei(2n|m). Denote
by ba(n) = W ⊕ C · z the antibracket Lie superalgebra (ba is Anti-Bracket read backwards),
where W is an n|n-dimensional superspace endowed with a nondegenerate antisupersymmetric
odd bilinear form B; the bracket in ba(n) is given by the following relations:
(52) z is odd and spans the center; [v, w] = B(v, w) · z for any v, w ∈ W .
Clearly,
(53) m(n) = (ba(n), cpea(n))∗ .
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4.10. A partial Cartan prolong: prolongation of a positive part. Let h1 ⊂ g1 be a g0-
submodule such that [g−1, h1] = g0. If such h1 exists (usually, [g−1, h1] ⊂ g0), define the 2nd
prolong of (⊕i≤0 gi, h1) to be
(54) h2 = {D ∈ g2 | [D, g−1] ⊂ h1}.
The terms hi, where i > 2, are similarly defined. Set hi = gi for i ≤ 0 and h∗ = ⊕hi.
Examples : vect(1|n;n) is a subalgebra of k(1|2n;n). The former is obtained as the Cartan
prolong of the same nonpositive part as k(1|2n;n) and a submodule of k(1|2n;n)1. The simple
exceptional superalgebra kas introduced in [Sh5, Sh14], see table (61), is another example.
4.11. Traces and divergencies on vectorial Lie superalgebras. On any Lie algebra g
over a field K, a trace is any linear map tr : g −→ K such that
(55) tr(g(1)) = 0.
Now, let g be a Z-graded vectorial Lie algebra with g− := ⊕
i<0
gi generated by g−1, and let tr
be a trace on g0. Recall that any Z-grading of a given vectorial Lie algebra is given by degrees
of the indeterminates, so the space of functions is also Z-graded. Let F be the superalgebra of
“functions” (divided powers in indeterminates u on the m|n-dimensional superspace, if p > 0).
The divergence div : g −→ F is a degree-preserving adg−1-invariant prolongation of the trace
satisfying the following conditions, so that div ∈ Z1(g;F), i.e., is a cocycle:
Xi(divD) = div([Xi, D]) for all elements Xi that span g−1;
div |g0 = tr;
div |g− = 0.
4.11.1. Divergence-free subalgebras. • In vect(a|b), this is svect(a|b).
• In k(2n+ 1|m). Since, as is easy to calculate,
(56) divKf = (2n+ 2−m)K1(f),
it follows that the divergence-free subalgebra of the contact Lie superalgebra either coincides
with the whole algebra (form = 2n+2), or is isomorphic to the Poisson superalgebra po(2n|m).
• In m(n), the situation is more interesting: in the standard grading of m(n), the codimension
of (m(n)0)
(1) in m(n)0 is equal to 2; hence, there are two linearly independent traces and
two cohomologically inequivalent divergences corresponding to these traces. Let div be the
restriction of the divergence from vect(n|n+ 1) to m(n):
(57) divMf = (−1)p(f)2
(
(1− E)∂f
∂τ
−
∑
i≤n
∂2f
∂qi∂ξi
)
,
The divergence-free (relative to div) subalgebra of the pericontact superalgebra is
(58) sm(n) = Span
(
Mf ∈ m(n) | (1−E)∂f
∂τ
=
∑
i≤n
∂2f
∂qi∂ξi
)
.
In particular,
(59) div Lef = (−1)p(f)2
∑
i≤n
∂2f
∂qi∂ξi
.
Set
sle(n) := Span
(
Lef ∈ le(n) | ∆(f) = 0, where ∆ =
∑
i≤n
∂2
∂qi∂ξi
)
.
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The other divergence can be selected to be Pty ◦∂τ , where Pty(X) = (−1)p(X)X . The sub-
algebra of m(n) corresponding to a linear combination of the two divergences is described in
Subsection 4.14.
4.11.2. Traceless subalgebras. In terms of super K0-functor, the superdimension a|b is an
element a + bε, where ε2 = 1. Lie superalgebras sle(n), sb(n) and svect(1|n) have traceless
ideals sle(1)(n), sb(1)(n) and svect(1)(n) defined from the exact sequences
(60)
0 −→ sle(1)(n) −→ sle(n) −→ C · Leξ1...ξn −→ 0, codim sle(1)(n) = εn+1;
0 −→ sb(1)(n) −→ sb(n) −→ C ·Mξ1...ξn −→ 0, codim sb(1)(n) = εn+1;
0 −→ svect(1)(n) −→ svect(1|n) −→ C · ξ1 . . . ξn∂t −→ 0, codim svect(1)(n) = εn.
For more examples of traceless subalgebras, see (68).
4.12. The exceptional simple vectorial Lie superalgebras. The five exceptional simple
vectorial Lie superalgebras are given below as Cartan prolongs (g−1, g0)∗ or generalized Cartan
prolongs (g−, g0)∗.
For depth ≤ 2, for g− = ⊕−2≤i≤−1 gi, we write (g−2, g−1, g0)∗ instead of (g−, g0)∗. The corre-
sponding terms gi for i ≤ 0 are given in (61) and (62); for notation, see Subsection 4.8.
The non-positive components of exceptional simple vectorial Lie superalgebras over C:
(61)
g g−2 g−1 g0
vle(3|6) idsl(3) ⊠Csl(2) ⊠ C[−2] id∗sl(3) ⊠ idsl(2) ⊠C[−1] sl(3) ⊕ sl(2) ⊕ Cz
vas(4|4) − spinλ for any λ ∈ C× as
kas(1|6) C[−2]⊠ Co(6) C⊠ Π(ido(6)) co(6)
mb(3|8) idsl(3) ⊠Csl(2) ⊠ C[−2] Π(id∗sl(3) ⊠ idsl(2) ⊠C[−1]) sl(3) ⊕ sl(2) ⊕ Cz
kle(5|10) id Π(Λ2(id∗)) sl(5)
None of the above Z-graded vectorial Lie superalgebras (18) and (61) is of depth > 3 and only
one is of depth 3:
(62) mb(3|8)−3 = Π(Csl(3) ⊠ idsl(2)⊠C[−3]).
4.13. The modules of tensor fields. Let g = vect(m|n) and g≥ = ⊕i≥0 gi in the standard
grading (deg xi = 1 for all i = 1, . . .m+ n). For any other Z-graded vectorial Lie superalgebra
for whose component g0 the notion of lowest weight can be defined, the construction is identical.
Let V be the g0 = gl(m|n)-module with the lowest weight λ = lwt(V ). Let us make V into
a g≥-module by setting g+ ·V = 0 for g+ = ⊕i>0 gi. Let us realize g by vector fields on the linear
supermanifold Cm|n with coordinates x = (u, ξ). The superspace T (V ) = HomU(g≥)(U(g), V )
is isomorphic, due to the Poincare´–Birkhoff–Witt theorem, to C[[x]] ⊗ V . Its elements have
a natural interpretation as formal tensor fields of type V . When λ = (a, . . . , a) we will simply
write T (~a) instead of T (λ). We will usually consider g-modules coinduced from irreducible g0-
modules. For example, T (~0) is the superspace of functions; Vol(m|n) = T (1, . . . , 1 | −1, . . . ,−1)
(the bar separates the first m (“even”) coordinates of the weight with respect to the matrix
units Eii of gl(m|n)) is the superspace of densities or volume forms. We denote the generator
of Vol(m|n), as C[x]-module, corresponding to the ordered set of coordinates x by volx. The
space of λ-densities is Volλ(m|n) = T (λ, . . . , λ;−λ, . . . ,−λ). In particular, Volλ(m|0) = T (~λ)
but Volλ(0|n) = T (−→−λ).
As vect(m|n)- and svect(m|n)-modules, vect(m|n) = T (idgl(m|n)).
4.14. Deformations of the Buttin superalgebra (after [LSq]). As is clear from the defi-
nition of the Buttin bracket, there is a regrading (namely, b(n;n) given by deg ξi = 0, deg qi = 1
for all i) under which b(n), initially of depth 2, takes the form g = ⊕i≥−1 gi with g0 = vect(0|n)
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and g−1 ∼= Π(C[ξ]). Replace now the vect(0|n)-module g−1 of functions (with inverted parity)
by the rank 1 (over the algebra of functions) module of λ-densities (also with inverted parity),
i.e., we set g−1 ∼= Π(Volλ(0|n)), where the vect(0|n)-action on the generator volλξ is given by the
formula
(63) LD(vol
λ
ξ ) = λ divD · volλξ and p(volλξ ) = 1¯.
Define bλ(n;n) to be the Cartan prolong
(64) (g−1, g0)∗ = (Π(Vol
λ(0|n)), vect(0|n))∗.
Clearly, this is a deform of b(n;n). The collection of these bλ(n;n) for all λ’s is called the main
deformation, the other deformations, defined in what follows, will be called singular.
The deform bλ(n) of b(n) is a regrading of bλ(n;n) described as follows. For λ =
2a
n(a−b) , set
(65) ba,b(n) =
{
Mf ∈ m(n) | a divMf = (−1)p(f)2(a− bn)∂f
∂τ
}
.
For future use, we denote the operator that singles out bλ(n) in m(n) as follows:
(66) divλ = (bn− aE) ∂
∂τ
− a∆ for λ = 2a
n(a− b) and ∆ =
∑
i≤n
∂2
∂qi∂ξi
.
Taking into account the explicit form of the divergence of Mf we get
(67)
ba,b(n) = {Mf ∈ m(n) | (bn− aE)∂f∂τ = a∆f} =
{D ∈ vect(n|n + 1) | LD(volaq,ξ,τ αa−bn0 ) = 0}.
It is subject to a direct verification that ba,b(n) ≃ bλ(n) for λ = 2an(a−b) . This isomorphism
shows that λ actually runs over CP 1, not C as one might hastily think. The Lie superalgebras
bλ(n) are simple for n > 1 and λ 6= 0, 1, ∞ for reasons clear from eq. (68). It is also clear that
the bλ(n) are non-isomorphic for distinct λ’s, bar occasional isomorphisms, see [LSh].
The Lie superalgebra b(n) = b0(n) is not simple: it has a ε-dimensional center. Observe that
b1(n) and b∞(n) are not simple either. The corresponding exact sequences are
(68)
0 −→ CM1 −→ b(n) −→ le(n) −→ 0,
0 −→ b(1)1 (n) −→ b1(n) −→ C ·Mξ1...ξn −→ 0, codim b(1)1 (n) = εn+1;
0 −→ b(1)∞ (n) −→ b∞(n) −→ C ·Mτξ1...ξn −→ 0, codim b(1)∞ (n) = εn.
Clearly, at the exceptional values of λ, i.e., 0, 1, and ∞, the deformations of bλ(n) should be
investigated extra carefully. As we will see immediately, it pays: at each of the exceptional
points we find extra deformations. An exceptional deformation at λ = −1 remains inexplicable.
Other exceptional values (λ = 1
2
and −3
2
) come from the isomorphisms hλ(2|2) ∼= h−1−λ(2|2)
and b1/2(2; 2) ∼= h1/2(2|2) = h(2|2).
4.15. Deforms of bλ(n) ([LSq]). For g = bλ(n), set H = H
2(g; g) for brevity. Then
1) sdim H = (1|0) for g = bλ(n) unless λ = 0, −1, 1, ∞ for n > 2. For n = 2, in addition
to the above, sdim H 6= (1|0) at λ = 1
2
and λ = −3
2
.
2) At the exceptional values of λ listed in heading 1) we have
sdim H = (2|0) at λ = ±1 and n odd, or λ =∞ and n even, or n = 2 and λ = 1
2
or λ = −3
2
.
sdim H = (1|1) at λ = 0, or λ =∞ and n odd, or λ = ±1 and n even.
The corresponding cocycles C are given by the following nonzero values in terms of the gener-
ating functions f and g, where d1¯(f) is the degree of f with respect to odd indeterminates only;
22 Sofiane Bouarroudj, Andrey Krutov, Dimitry Leites, Irina Shchepochkina
for k = (k1, . . . , kn) we set q
k = qk11 . . . q
kn
n and |k| =
∑
ki:
bλ(n) p(C) C(f, g)
b0(n) odd (−1)p(f)(d1¯(f) − 1)(d1¯(g) − 1)fg
b−1(n) n+ 1 (mod 2) f = qk, g = ql 7−→ (4 − |k| − |l|)qk+lξ1 . . . ξn+
τ∆(qk+lξ1 . . . ξn)
b1(n) n+ 1 (mod 2) f = ξ1 . . . ξn, g 7−→


(d1¯(g) − 1)g if g 6= af , a ∈ C
2(n− 1)f if g = f and n is even
b∞(n) n (mod 2) f = τξ1 . . . ξn, g 7−→


(d1¯(g)− 1)g if g 6= af , a ∈ C
2f if g = f and n is odd
b 1
2
(2) even see (69), (70)
On b 1
2
(2) ≃ b− 3
2
(2) ≃ h(2|2; 1) (the latter being the non-standard W-grading in which
deg ξ = 0, other indeterminates being of degree 1), the cocycle C is the one induced on h(2|2) =
po(2|2)/CK1 by the usual deformation (quantization) of po(2|2): we first quantize po(2|2) and
then take the quotient modulo the center (generated by constants).
3) The space H is diagonalizable with respect to the Cartan subalgebra of der g. Let the
cocycle M corresponding to the main deformation be one of the eigenvectors. Let C be another
eigenvector in H, it determines a singular deformation from heading 2). The only cocycles
kM + lC, where k, l ∈ C, that can be extended to a global deformation are those for kl = 0,
i.e., either M or C.
All the singular deformations of the bracket {·, ·}old in bλ(n), except the ones for λ = 12 or
−3
2
and n = 2, have the following very simple form even for p(~) = 0¯:
(69) {f, g}sing~ = {f, g}old + ~ · C(f, g) for any f, g ∈ bλ(n).
Since the elements of bλ(n) are encoded by functions (for us: polynomials or formal power
series) in τ , q and ξ subject to one relation with an odd left hand side in which τ enters, it
seems plausible that the bracket in bλ(n) can be, at least for generic values of parameter λ,
expressed solely in terms of q and ξ. This is, indeed, the case, and here is an explicit formula
(in which {f, g}B.b. is the usual antibracket and ∆ =
∑
i≤n
∂2
∂qi∂ξi
):
(70)
{f1, f2}mainλ = {f1, f2}B.b. + λ(cλ(f1, f2)f1∆f2 + (−1)p(f1)cλ(f2, f1)(∆f1)f2),
where cλ(f1, f2) =
deg f1 − 2
2 + λ(deg f2 − n) ,
and deg is computed with respect to the standard grading deg qi = deg ξi = 1.
4.16. Vectorial Lie (super)algebras for p > 0. Recall that we are interested in simple
Lie (super)algebras; their central extensions and the algebras of derivations, though no less
interesting per se, are next objects on our agenda. Every simple Z-graded Lie (super)algebra
g = ⊕gi is transitive, i.e., such that
[gi, x] = 0 for a given x ∈ gj , where j > 0, and any i < 0 implies x = 0.
Over any field K of characteristic p > 0, in order for the analogs of vectorial Lie (super)algebras
be transitive, we must change the definition in the two places:
(A) Consider not polynomial coefficients but divided powers in m even and a − m odd
indeterminates, whose powers are bounded by the shearing vector N˜ = (N1, ..., Nm, 1, . . . , 1),
usually abbreviated to N = (N1, ..., Nm), forming the supercommutative superalgebra (here
p∞ :=∞)
O(a; N˜) := O(m;N |n) := K[u;N ] := SpanK
(
u(r) | 0 ≤ ri
{
< pNi for i ≤ m
≤ 1 for m < i ≤ a
)
,
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where u(r) =
∏
u
(ri)
i . Set 1 := (1, . . . , 1).
(B) Introduce distinguished partial derivatives ∂i each of them serving as several partial
derivatives at once, for each of the generators ui, u
(p)
i , u
(p2)
i , . . . (or, in terms of yi,j := u
(pj−1)
i ):
∂i(u
(k)
j ) := δiju
(k−1)
j for all k, i.e., ∂i =
∑
j≥1
(−1)j−1yp−1i,1 . . . yp−1i,j−1∂yi,j .
The (general) Lie (super)algebra of vector fields is
vect(m;N |n) :=
{∑
fi∂i | fi ∈ O(m;N |n)
}
.
In what follows, speaking about Lie SUPERalgebras, we assume that p > 2 unless
otherwise specified.
4.16.1. Linguistics: names. Priorities. In the old literature, the Lie algebra vect(m;N) of
vector fields with coefficients in the algebra of divided powers O(m;N) was called “the general
Lie algebra of Cartan type”; in the modern literature, it is called the Jacobson–Witt algebra;
it is usually denoted by W (m;N) for any m and N whereas the name Witt algebra is reserved
to the particular case vect(1; 1). The more general case vect(1;N) is called Zassenhaus algebra
if N 6= 1. Jacobson–Witt algebras are simple if m > 1; there is no special name for the simple
derived algebra vect(1)(1;n). We denote the Lie algebra of divergence free (or “special”) vector
fields svect(m;N), usually abbreviated to S(m;N).
Because k(1;N |0) ≃ vect(1;N |0), we may assume that n > 0 speaking about the contact Lie
algebras k(2n+ 1;N |0). In what follows, for p = 0, just ignore the shearing vector N . For the
proof on non-existence of NIS on vect(m;N), see [Zus].
Dzhumadildaev generalized a result due to Block (1958) and listed simple Z-graded vectorial
Lie algebras of the four series of “Cartan type” in characteristic p ≥ 3 that have NIS, see [Dz1].
Proofs appeared later in [Dz2, §2]. (Dzhumadildaev also did the same, albeit in a somewhat
implicit way and also, as in [Dz1], without proofs, for infinite-dimensional vectorial Lie algebras
over C in [Dz3]. Later, Farnsteiner obtained the same results in the modular case, see [Fa].)
Dzhumadildaev’s and Farnsteiner’s proofs differ in details: Dzhumadildaev described explicitly
the coadjoint module of the corresponding Lie algebras, while Farnsteiner computed in the
universal enveloping algebra. The latter proof is reproduced in the book [SF].
To extend Dzumadildaev’s result to filtered deforms of the algebras he considered, we repro-
duce an explicit description of these NISes from [SF], and of deforms, see [BGLd] and [DK].
4.17. Filtered deforms of svect and h. The Lie (super)algebras of series svect and h are
not simple, but several of their simple relatives are subquotients of their filtered deforms.
4.17.1. Types of Lie algebras svect described by Tyurin and Wilson [Tyu, W]. Let
Ô(m) be the algebra of formal power series in u for N = (∞, . . . ,∞). For p > 3, suppose that
(71) N1 = · · · = Nt1 < Nt1+1 = · · · = Nt2 < · · · < Nts−1+1 = · · · = Nts = Nm.
Wilson proved that there are only the following three types of non-equivalent classes of volume
forms, and hence filtered deforms of divergence-free algebras preserving them:
(72)
svecth(m;N) := {D ∈ vect(m;N) | LD(h volu) = 0}, where h is one of the following:
h =

1,
1 + u¯, where u¯ :=
∏
u¯i and u¯i := u
(pNi−1)
i ,
exp(u
(p
Nti )
ti ) :=
∑
j≥0
(u
(p
Nti )
ti )
(j).
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For brevity, set svectexpi(m;N) := svect
exp

u
(
p
Nti
)
ti

(m;N) and svect := svect1.
4.17.1a. Remarks. 1) Kac observed that if LD(exp(u
(p
Nti )
ti ) volu(N)) = 0, thenD ∈ vect(m;N)
with all coordinates of N finite although exp(u
(p
Nti )
ti ) ∈ Ô(1) ⊂ Ô(m), see [KfiD].
2) For p = 3 and 2, the deforms (72) of svect are also possible; nobody knows if there are no
other, non-isomorphic, ones, whereas for p = 2 there definitely is at least one more deform, its
existence is the most spectacular result of [BGLLS].
3) S. Tyurin [Tyu] described the Lie algebras of divergence-free type and got an extra type
of volume forms, as compared with Wilson’s list (72); Tyurin missed an equivalence.
3) S. Kirillov [Kir] verified Skryabin’s remark in [Sk2], namely for which i is the ith derived
algebra from Wilson’s list (72) simple and what is its dimension:
(73)
dim svectexpj (m;N) = (m− 1)p|N | i = 0;
dim svect
(1)
1+u¯(m;N) = dim svect
(1)(m;N) = (m− 1)(p|N | − 1) i = 1.
4.17.2. Types of Hamiltonian Lie algebras classified by S. Skryabin [Sk1, Sk2]. Let
h(2k;N) be the Z-graded Lie algebra preserving the symplectic form ω0 =
∑
1≤i≤k dui ∧ duk+i.
Its nonisomorphic filtered deforms are only the following hωi(2k;N), where i = 1, 2, preserving
the respective forms. For k > 1, let hexpj(2k;N) be the Lie algebra that preserves the form
(Skryabin calls it of 2nd type)
(74) ω2,j = d
(
exp(εuj)
∑
1≤i≤k
uiduk+i
)
, where j = t1, t2, . . . , ts, see (71), and ε ∈ K×.
S. Skryabin proved ([Sk2]) that for p > 2 the only other, inequivalent to (74) and to each
other indecomposable symplectic forms (Skryabin calls them of 1st type) are those that can be
reduced to the following normal shapes
(75) ω1 = ω0 + ε
∑
1≤i,j≤2k
Ai,jd(u¯i) ∧ d(u¯j), where u¯i := u(p
Ni)
i , NOT u¯i := u
(pNi−1)
i ,
and A = (Ai,j) can only be equal to one of the following:
type of A shape of A detailed notation of ω1
Jk(0) antidiag(Jk(0),−Jk(0)T ) ω1,0 for k > 1
Jk,r(λ), where λ 6= 0 antidiag(Jk,r(λ),−(Jk,r(λ))T ) ω1,r,λ for k = rm for r,m ≥ 1
Ck antidiag(Ck,−CTk ) ω1,C for k > 1
where Jk(λ) is a Jordan k× k block with eigenvalue λ, and Jk,r(λ) is a k× k block matrix with
blocks of size r × r, so k = r ×m for some r,m ≥ 1:
Jk,r(λ) =

0r 1r 0
. . .
0 0 1r
Jr(λ) 0 0r
 , and Ck =

0 1 0
. . .
0 0 1
1 0 0
 is of size k × k for k > 1.
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4.17.3. The two conditions on Jk,r(λ) and Ck. 1) The case with Jk,r(λ) occurs only when
(76) N1 + ...+Nnr = Nnr+1 + ...+N2nr (recall that k = rn)
and, furthermore, Nir−j = Nir for all i = 1, ..., 2n and all j = 1, ..., r−1, i.e., the r indeterminates
in each of the 2n successive groups have equal heights.
The case with Ck occurs only when condition (76) is violated.
2) Let G be the group generated by the cyclic permutations of the coordinates of vectors
in Nk. The 2nd condition requires the identity element to be the only element in G that fixes
the two vectors v = (N1, ..., Nk) and w = (Nk+1, ..., N2k) simultaneously. It suffices to consider
representatives of equivalence classes of pairs (v, w) under the G-action.
4.17.3a. Implicit brackets. For a basis in hω(2k;N) we take Hamiltonian vector fields
(77) XωH =
∑
i,j
(∂iH)(ω
−1)ij∂j or [XωF , X
ω
G] = X
ω
{F,G}ω ,
where the generating functions run over the union of a basis in the maximal ideal of O(2k;N)
and the collection of non-existing in O(2k;N) for the vector N with finite coordinates Hamilto-
nians u
(pNi )
i for i = 1, . . . , 2k. These Hamiltonians, though non-existing, generate the vector
fields Xω
u
(pNi )
i
∈ vect(2k;N). We identify the basis element XωH with its Hamiltonian H . The
shape of the bracket {F,G}ω, given in [Kir, Lemma 8] is still rather implicit, unlike that of
ω. Regrettably, the explicit expressions of {F,G}ω are given at the moment only in the Ph.D.
thesis of S. Kirillov written in Russian and unpublished.
4.18. How conditions for simplicity change under the passage from p = 0 to p > 0.
The “natural” objects are vectorial Lie algebras obtained as a result of a (generalized) Cartan
prolongation. Such objects are often not simple, the simple “derived” (figuratively speaking) of
these objects are their first or second derived (commutant) algebras, perhaps, modulo center.
• S. Kirillov [Kir] checked for which i the ith derived algebra of the Hamiltonian Lie algebra
from Skryabin’s list is simple and what is its dimension:
(78) dim h
(i)
ω (2k;N) =

p|N | − 2 if ω = ω0 then i = 2,
p|N | if ω = ω2 for k + 1 6≡ 0 (mod p) then i = 0,
p|N | − 1 if ω = ω2 for k + 1 ≡ 0 (mod p) then i = 1,
p|N | − 1 if ω = ω1 for detA 6= 0 then i = 1,
p|N | − 2 if ω = ω1 for detA = 0 (type Js(0)) then i = 2.
• Over C, the supervarieties of parameters of deformations of Poisson and Hamiltonian Lie
superalgebras can differ, see [LSq]. For p = 2, the forms ω1, see eq. (75), do not exist; but
instead there is a 1-parametric family of non-isomorphic deforms different from the above —
desuperisations of the Lie superalgbra ba:b(n;N), see [BGLLS].
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(79)
g conditions for simplicity
vect(m;N |n) unless m = 1, n = 0 or m = 0, n < 2
vect(1)(1;N |n) N > 2
svect(m;N |n), svect(1+u¯)(0|n) if m = 0, then n > 2
svect(1)(m;N |n) (m,n) 6= (1, 0)
svectexpi(m;N |n) (m,n) 6= (1, 0)
svect
(1)
(1+u¯)(m;N |n) (m,n) 6= (1, 0)
h
(2)
ω0 (2k;N)
hω1,j (2k;N), where k + 1 6≡ 0 (mod p)
h
(1)
ω1,j (2k;N), where k + 1 ≡ 0 (mod p)
h
(1)
ω2 (2k;N), where detA 6= 0
h
(2)
ω2 (2k;N), where detA = 0 (type Js(0))
k(2k + 1;N) if 2k + 4 6≡ 0 (mod p) always, p > 2
k(1)(2k + 1;N) if 2k + 4 ≡ 0 (mod p) always, p > 2
5. On existence of NIS on vectorial Lie (super)algebras
We see two types of reasons why there is a NIS on a given g; let us consider them in detail.
(1) There is only one geometric structure leading to NIS: volume. Invariant with re-
spect to any changes of indeterminates (coordinates) unary operators between sections of tensor
fields on a (super)manifold M with fibers irreducible under the action of the Lie (super)algebra
of linear changes of indeterminates are classified for the case where functions are polynomials or
power series over C, and, for M = S1 (i.e., when functions considered are Laurent polynomials
or series) and over fields of characteristic p, see [BL] and references therein. The answer is as
follows: if the fibers are finite-dimensional, the only operators are the exterior differential, the
(super)residue (when M is the complexified supercircle associated with the trivial bundle or
the Whitney sum of the trivial and Mo¨bius bundle) or the Berezin integral or its version for
p > 0, i.e., the coefficient of the highest possible degree in the Taylor series decomposition of
f(u) for f(u) volu.
(2) An algebraic reason for existence of a NIS on the Z-graded Lie (super)algebras g
is a necessary condition, see Lemma 5.1.
5.1. Lemma (Corollary 4.9 in Ch.3 in [SF]). Let g = ⊕−d≤i≤h gi be a finite-dimensional
simple Z-graded Lie algebra, B a NIS on g. Then
B(gi, gj) = 0 for i+ j 6= h− d;
dim gi = dim gh−d−i.
From Lemma 5.1 one deduces — with certain effort — the following statement.
5.2. Corollary (Theorems 6.3 and 6.4 in Ch. 4 in [SF]). 1) The Lie algebra vect(n;N)
has a NIS if and only if either n = 1 and p = 3 in which case NIS is
(80) (u(a)∂, u(b)∂) :=
∫
u(a)u(b)du (mod 3);
or n = p = 2 in which case NIS is
(81) (u(a)∂i, u
(b)∂j) := (i+ j)
∫
u(a)u(b)du1 ∧ du2 (mod 2),
where
∫
f(u)du1 ∧ · · · ∧ dun := coefficient of u(τ(N)) and τ(N) := (pN1 − 1, . . . , pNn − 1).
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2) If n > 2, then svect(1)(n;N) has a NIS if and only if n = 3; explicitly
(82) (∂i, Djk(u
(τ(N)))) = sign(i, j, k),
where (for possible future use we give the formula for the general super case)
Dij(f) := ∂j(f)∂i − (−1)p(f)(p(∂i)+p(∂j))+p(∂i)p(∂j)∂i(f)∂j for any f ∈ O(m;N |n),
and extending the form (82) to other pairs of elements by invariance.
5.3. Series vect. Classification allows us to forget about deforms of vect(m;N) for p > 3 and
study other series. For example, the true deforms of Lie algebras vect(1;N) are described in
[DK]; they are either certain filtered deforms, or isomorphic to certain Hamiltonian Lie algebras,
see the next Subsection, where h
(∞)
ω designates the appropriate simple derived algebra (1st or
2nd).
5.4. Series svect. Due to the following “occasional isomorphisms” (taking place for reasons
given in parentheses below) we do not consider svect for the following values of parameters:
svect(2;N |0) ≃ h(2;N |0) for any p (obviously),
svect(1)(3;1|0) ≃ h(1)(4;1|0) ≃ psl(4) for p = 2 (as shown in [ChKu]).
5.4.1. Conjecture. [Proved for n = p = 3 and N = (111)] There is no NIS on simple Lie
algebras svectexpi(n;N) and svect
(1)
1+u¯(n;N).
5.5. Series h. For p > 2, consider the Lie algebra h(2k;N) and a standard symplectic form
ω0 =
∑
1≤i≤k dui ∧ duk+i, set
(F, G)ω0 :=
∫
FG (ω0)
∧k =
∫
FG du1 ∧ · · · ∧ du2k for any F,G ∈ h(2k;N).
5.5.1. Lemma. For all symplectic forms ω given by the expressions (74) and (75), a NIS
on h
(∞)
ω (2k;N) is given by the following formula:
(83) (XωF , X
ω
G) := (F, G)ω =
∫
FG (ω)∧k.
Proof. Since {H, ·}ω = XωH is a derivation, the invariance of (83) can be written as
({F,G}ω, H)ω−(F, {G,H}ω)ω =
∫
({F,G}ωH − F{G,H}ω) (ω)∧k =
∫
{G,FH}ω (ω)∧k = 0.
It is easy to check that ∫
{F,G}ω (ω)∧k = 0 for all F,G ∈ h∞(2k;N).
Observe that if Xω0F , X
ω0
G ∈ h(∞)ω0 (2k;N), then XωF , XωG ∈ h(∞)ω (2k;N) for all symplectic forms
given by formulas (74) and (75). We see that (ω)∧k = (ω0)∧k + O(ε), where O(ε) is the term
proportional to ε. If (F, G)ω0 6= 0 for some non-zero Xω0F , Xω0G ∈ h(∞)ω0 (2k;N), then
(F, G)ω = (F, G)ω0 +O(ε).
Since (F, G)ω0 6= 0 and ε ∈ K is arbitrary, we see that (F, G)ω 6= 0. Therefore, the form (·, ·)ω
is non-degenerate on h
(∞)
ω (2k;N). 
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5.6. Series k and its subalgebras. On the supermanifold K2n+1|m with a contact structure
given by α := dt+
∑
pidqi +
∑
θjdθj, consider the space of λ-densities,
Fλ(N) :=
{
Fαλ/2 if (m,n) 6= (0, 0),
Fαλ if (m,n) = (0, 0),
where F is the space of “functions” and λ ∈ K. We have Vol(N) ≃ F2n+2−m(N), where Vol(N)
is the space of volume forms. For p 6= 2, NIS obviously exists on the space of 1
2
-densities, i.e.,
on Fn+1−k(N), where m = 2k.
Observe that this NIS can be odd, but there are two natural ways to define the parity of it,
cf. [MaG]; in our situation, where the integral is considered to be even for any n if m = 0, the
adequate definition is p(NIS) = m (mod 2):
p(NIS) =
{
2n+ 1−m (mod 2)
m (mod 2).
Since
k(2n+ 1;N |m) as k(2n+ 1;N |m)-modules≃
{
F−2(N) if (m,n) 6= (0, 0),
FF−1(N) if (m,n) = (0, 0),
it follows that
(84) k(2n+ 1;N |m) has NIS (f
√
vol, g
√
vol) :=
∫
fg vol if 2n + 2−m ≡ −4 (mod p).
5.7. No NIS on kas and kle. Eq. (84) shows there is a NIS on k(1;N |6), so we have to
verify if its restriction to kas, see eq. (61), is non-degenerate. Since K1 ∈ kas, the only element
it can be paired with a non-zero result is the highest possible power of all indeterminates but
tkξ1ξ2ξ3η1η2η3 6∈ kas for any k and any p, so no NIS.
The Lie superalgebra kle(9;N |6) has no NIS by argument (84) and thanks to Lemma 5.1.
5.8. p = 5: NIS on the Melikyan algebra. This fact is known, see, e.g., [S]. The condition
in (84) is satisfied for n = 2, m = 0. For descriptions of the Melikyan algebra me(N) as
a subalgebra in k(5;N), see [GL]. Therefore, to prove the existence of a NIS on k(5;N), it
suffices, thanks to simplicity of me(N), to verify that the restriction of NIS from k(5;N) onto
me(N) does not vanish on just one pair of elements. (Thanks to Dzhumadildaev’s interpretation
of me(N) as a deform of the Poisson Lie algebra, see [KD], this result contributes to Fact 1.1.1.)
5.9. p = 3: NIS on some of Skryabin algebras. No NIS on Ermolaev and Frank al-
gebras. The exceptional simple Z-graded vectorial Lie algebras known today to be indigenous
to p = 3 are described in [GL], where the number ParN of parameters, the shearing vector
depends on, is correctly computed for the first time for some of these algebras:
(85)
by(1)(7;N), (the derived of) the “big” Skryabin algebra,
its divergence-free subalgebra sby(1)(7;N),
dy(1)(10;N), (the derived of) the “deep” Skryabin algebra, initially denoted by Z,
my(6;N), smy(1)(6;N), the “middle”Skryabin algebra, initially denoted by Y ,
er(1)(3;N), (the derived of) the Ermolaev algebra a.k.a. R,
fr(1)(3;N), (the derived of) the Frank algebra.
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Lemma 5.1 implies that among the algebras (85), only the following simple Skryabin Lie algebras
may have NIS, and they do have it (we proved this for N = 1 only):
(86) by(1)(7;N), my(6;N), smy(1)(6;N).
Observe that all of the Skryabin algebras are results of generalized, perhaps partial, Cartan
prolongation of the non-positive part of br(3) in one of the Z-gradings of br(3); both of its
Cartan matrices were discovered by Skryabin (for a method proving that these are the only
possible Cartan matrices of br(3), see [BGL]).
5.10. NIS on the two simple stringy Lie (super)algebras over C. For the classification
of simple stringy Lie superalgebras over C, i.e., vectorial ones on a supercircle, see [GLS]. We see
that VolL(1|n) ≃ Πn(FL2−n), where superscript L is for Laurent, and hence the Neveu–Schwarz
type stringy Lie superalgebra kL(1|n) has NIS if 2− n = −4, i.e., n = 6; this NIS is even.
For the Ramond-type stringy Lie superalgebra kM(1|n) preserving the distribution given by
the form equivalent to dt+tdθ+
∑
1≤i≤n−1 θidθi (so the weight of θ is equal to 0) on the supercircle
associated with the Whitney sum of the (n− 1)-dimensional cylinder and the Moebius bundle,
for n > 1, we have
VolM(1|n) ≃ Πn(FL2−(n−1)).
Therefore, kM(1|n) has NIS if 3− n = −4, i.e., n = 7; this NIS is an odd one. (For n = 1, the
condition (84) turns into 1 = −2. Hence, no NIS.)
In terms of tensor fields, we see that
vectL(1|N) := TL(idgl(1|N)), so (vectL(1|N))∗ := (TL(idgl(1|N)))∗ = TL((idgl(1|N))∗ ⊗ str),
where str is a 1-dimensional module given by the supertrace, hence vectL(1|N) 6≃ (vectL(1|N))∗
always.
The cases g = svectL(1|N), and its deform svectLλ(1|N) preserving tλ vol(t|θ), are similar to
the cases of vect, except for N = 2 with its decomposition svectLλ(1|2) = ⊕−1≤i≤1gi where
g0 = gl(1|1)ℓ(1) and g±1 ≃ V ℓ(1)t±λ for the tautological gl(1|1)-module V and the V -valued
space of loops V ℓ(1) := V ⊗ C[t−1, t]; in this case, a NIS could have existed but does not, see
Theorem 6.6.2.
6. Odd NIS. Queer Lie superalgebras, queerified Lie algebras, and exceptions
6.1. Odd NIS on q(n). The queertrace qtr : (X, Y ) 7−→ tr Y on q(n), see (11), defines a
natural NIS on q(n):
B((X, Y ), (X ′, Y ′)) = qtr((X, Y ) · (X ′, Y ′)) = tr(XY ′ +X ′Y ).
In the same way as the (super)trace on the associative superalgebra of supermatrices Mat(m|n)
gives rise to a NIS on psl, the queertrace gives rise to an odd NIS on the Lie superalgebra psq(n)
which is simple if p = 0, and also if p > 2 and n 6≡ 0 (mod p)
6.2. Queerified Lie algebras. The Lie superalgebra q(n) is a “queerification” of the associa-
tive algebra Mat(n). If p = 2, it is possible to “queerify” any Lie algebra, see [BLLSq].
Let p = 2 and g a restricted Lie algebra with a NIS (·, ·). Then q(g) has an odd NIS q(·, ·)
defined as follows, where Π is the change of parity operator:
(87) q(x,Π(y)) = (x, y) and q(x, y) = q(Π(x),Π(y)) = 0 for any x, y ∈ g.
6.3. Poisson Lie superalgebras. Let us show that both Poisson Lie superalgebras and their
particular2 deforms resulting from quantization have NIS if Np = N q, see (90). We do not
know if this is so if N p 6= N q.
2If p 6= 2, there are no deforms apart from the quantization; for p = 2, this is not so, see [BLLS].
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6.3.1. Poisson Lie superalgebras over C. On po(0|m) realized on the space C[ξ, η], where
ξ = (ξ1, . . . , ξk) and η = (η1, . . . , ηk) for m = 2k, or on the space C[ξ, η, θ] for m = 2k + 1, NIS
of parity p(
∫
) = m (mod 2) is defined by the formula
(88) (f, g) =
∫
fg vol, where vol := vol(ξ, η) or vol(ξ, η, θ),
and where
∫
F vol is the Berezin integral = the coefficient of the mth degree monomial of F in
the Taylor series expansion.
Tyutin classified the deforms of po(0|m), see [Ty]. There is just one class Q of deformations,
called quantization; Q sends the integral into the super trace (resp. queer trace):
(89) Q : po(0|m) −→
{
gl(C[ξ]) if m = 2k
q(C[ξ]) if m = 2k − 1.
6.3.2. NIS on Poisson Lie superalgebras over K for p > 0. NIS is defined by the direct
analog of formula (88).
Aside. For the case where the shearing vector is of the form N = (Np, N q) with N p = N q,
and odd indeterminates ξ = (ξ1, . . . , ξk) and η = (η1, . . . , ηk), the description of quantizations
is of the same form as over C, i.e.,
(90) Q : po(2n;N pN q|m) −→
{
gl(O[q;N q | ξ]) if m = 2k
q(O[q;N q | ξ]) if m = 2k − 1.
There are, however, other deforms of po: e.g., for p = 5, there are Melikyan algebras, see [KD];
for p = 2, there is a 1-parametric family — desuperization of bλ, see [BGLLS].
6.4. NIS on sb(n;N) and sle(1)(n;N). Recall that by b(n) we denote the Lie superalgebra
on the space of functions (divided powers if p > 0) in n even and n odd indeterminates with
Schouten bracket a.k.a. antibracket. Let O(n;N |n) = K[q;N, ξ] and
sb(n;N)
as space
=
{
f ∈ O(n;N |n) |
∑
i≤n
∂2
∂qi∂ξi
(f) = 0
}
.
The direct analog of (88) defines NIS on the Lie superalgebra sb(n;N), and its restriction to
its subquotient sle(1)(n;N) is a NIS. Observe that p(NIS) ≡ n + 1 (mod 2).
6.5. Loop superalgebras. For any (simple, or a relative of a simple) finite-dimensional Lie
(super)algebra g over C, we consider spaces gℓ(1) := g ⊗ C[t−1, t] of “loops”, i.e., g-valued
functions on the circle S expandable into Laurent polynomials (or their completions, Laurent
series); here t = exp(iϕ), where ϕ is the angle parameter on S. We introduced notation gℓ(1)
to distinguish from g(1) := [g, g]; we give a similar notation for “twisted” loop algebras.
Recall that if ψ is an order m automorphism of g, and gk¯, where 0 ≤ k¯ ≤ m − 1, are
eigenspaces of ψ with eigenvalue exp(
2piki
m
), where i =
√−1, then
g
ℓ(m)
ψ := ⊕0≤k¯≤m−1, j∈Z gk¯tk+mj.
Non-isomorphic loop superalgebras gℓ(1) := g⊗C[t−1, t] with values in simple finite-dimensional
Lie superalgebras g over C, and twisted loops g
ℓ(m)
ψ corresponding to order m automorphisms
ψ of g are classified in [Se].
Nondegenerate invariant (super)symmetric bilinear forms on simple Lie (super)algebras 31
6.5.1. NIS on loop superalgebras. The NIS “tr(x, y)” for any x, y ∈ g on the target space g
from the left column in (101) is tr(adx ady) in the purely even case; str(ρ(x)ρ(y)) or qtr(ρ(x)ρ(y))
for an appropriate representation ρ for all superalgebras with an even NIS, except for h(1)(0|m)
in which case “tr(Hf , Hg)” is
∫
fg vol.
Each of the twisted loop superalgebras g
ℓ(m)
ψ listed in (101), and simple loop algebras listed
in [K, pp. 54, 55], has a NIS induced by “tr” on g:
(91) (a, b) = Res “ tr ”(ab) for any a, b ∈ gℓ(m)ψ ,
where Res f(t) is the coefficient of t−1 in the Laurent polynomial f .
6.5.2. Central extensions of loop superalgebras. The central extensions of the loop su-
peralgebra with a NIS on the target space g is given by the formula
(92) c(f, g) = Res “ tr ”(fdg) for any f, g ∈ gℓ(m)ψ ,
where Res f(t)dt) is the coefficient of t−1dt in the 1-form fdt. Observe that
(93) If “tr” is odd, as on psq(n) and h(1)(0|2n+ 1), the center thus obtained is also odd.
6.5.2a. Loop superalgebras with values in vect(0|n) for n ≥ 2, svect(0|n) and
s˜vect(0|n) for n ≥ 3, and spe(m) for m 6= 4. None of these target algebras has a
NIS; the only non-trivial automorphism exists only for vect(0|n), see (100), but twisted loop
superalgebra corresponding to this automorphism is isomorphic to the non-twisted one ([Se]).
Hence, none of loop superalgebras gℓ(1) with values these Lie superalgebras g has central ex-
tension obtained by recipe (92). Conjecturally, these gℓ(1) have no central extension at
all.
6.5.2b. Loop superalgebras with values in psl(n|n) for n ≥ 2, psq(n) for n ≥ 3,
h(1)(0|n) for n ≥ 4, and spe(4). Each of these target algebras g has one non-trivial central
extension, whereas psl(2|2) ≃ h(1)(0|4) has three of them. Therefore, gℓ(1) has infinitely many
central extensions, given by loops with values in each of the centers of g for each of these target
spaces g.
6.5.3. Derivations of loop superalgebras. For g simple, the outer derivations the loop
superalgebra gℓ(1) constitute the semidirect sum G ⋉ M , where G := derC[t−1, t] and M is
the space of loops with values in out g := (der g)/g. The popular affine Kac–Moody algebras
correspond (in the non-super case) to just one derivation, t
d
dt
.
6.6. Lie superalgebras of polynomial growth with nonsymmetrizable Cartan matri-
ces. Hoyt and Serganova [HS] proved Serganova’s conjecture ([LSS]) that there are only two
types of indecomposable nonsymmetrizable Cartan matrices corresponding to Lie superalgebras
of polynomial growth. These Lie superalgebras are the following ones (the algebras of one of
these types are double extensions of simple Lie superalgebras, the algebras of the other type
are not):
1) The series of twisted loops with values in psq(n) corresponding to the 2nd order auto-
morphism Pty(x) = (−1)p(x)x for any x ∈ psq(n). Let Π be the change of parity operator;
set
psq(n)ℓ(2) :=
(
⊕
k∈Z
sl(n)t2k
)⊕(
⊕
s∈Z
Π(sl(n))t2s+1
)
.
A double extension p˜sq(n)ℓ(2) of psq(n)ℓ(2) determined by an even central extension and an odd
outer derivation has Cartan matrices with the same Dynkin graphs as that of the loop algebra
sl(n)ℓ(1), but — in the simplest case — one of the nodes of the Dynkin graph for p˜sq(n)ℓ(2) being
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“gray”, the other Cartan matrices being obtained from the simplest one by “odd reflections”,
see [CCLL].
2) The exceptional Lie superalgebra ŝvect
L
α(1|2) with Cartan matrices (95) is NOT the double
extension of the stringy Lie superalgebra (which is simple for α 6∈ Z)
svectLα(1|2) := {D ∈ vectL(1|2) | LD(tα vol(t, θ1, θ2)) = 0}
= {D = f∂t +
∑
fi∂θi ∈ vectL(1|2) | αf = −t divD}
= (ŝvect
L
α(1|2))/c
in the sense of definition in Subsection 2.1: ŝvect
L
α(1|2) has properties 1) and 2) but not 3);
there is no NIS on either ŝvect
L
α(1|2) or svectLα(1|2).
6.6.1. Root system of ŝvect
L
α
(1|2). For Chevalley generators of the Lie superalgebra we denote ŝvect
L
α(1|2)
take
(94)
X+1 = θ1δθ2 , X
+
2 = tδθ1 , X
+
3 = θ2t∂t − (α+ 1)θ1θ2δθ1 ,
X−1 = θ2δθ1 , X
−
2 = α
θ1θ2
t
δθ2 + θ1∂t, X
−
3 = δθ2 ,
H1 = θ1δθ1 − θ2δθ2 , H2 = t∂t + θ1δθ1 + αθ2δθ2 , H3 = t∂t + (α+ 1)θ1δθ1 .
By means of the isotropic reflections, see [CCLL], we establish that ŝvect
L
α(1|2) has the following Cartan
matrices:
(95)
 2 −1 −11− α 0 α
1 + α −α 0
 ,
 0 −α+ 1 −2 + α1− α 0 α
−1 −1 2
 ,
 0 −α α+ 1−1 2 −1
1 + α −α− 2 0
 .
In order to compare these matrices, reduce them to the following normal forms having renumbered rows/columns
and rescaled (by definition α 6∈ Z, in particular, α 6= 0,±1, so the fractions are well defined), respectively:
(96)
 2 −1 −1−1 + 1α 0 1
1 + 1
α
−1 0
 ,
 2 −1 −1−1 + 11−α 0 1
1 + 11−α −1 0
 ,
 2 −1 −1−1 + 11+α 0 1
1 + 11+α −1 0
 .
Evidently, the maps α 7→ 1 + α and α 7→ 1 − α establish isomorphisms of the Lie superalgebras corresponding
to these Cartan matrices, so one may assume that Reα ∈
(
0, 12
]
.
In manual computations, it is convenient to work not in the Chevalley basis of svectLα(1|2),
but in the basis consisting of the following Eα-homogeneous elements
Ln = t
n
(
t∂t +
1
2
(n + 1 + α)(θ1∂θ1 + θ2∂θ2)
)
,
En = t
nθ2∂θ1 ,
Fn = t
nθ1∂θ2 ,
Gn = t
n (θ2∂θ2 − θ1∂θ1) ,
λn = t
n−1θ2 (t∂t + (n + α)θ1∂θ1) ,
εn = t
n−1θ1 (t∂t + (n + α)θ2∂θ2) ,
ϕn = t
n+1∂θ1 ,
γn = t
n+1∂θ2 .
There is only one outer derivation of svectLα(1|2) for α 6∈ Z (for a proof, see [Po]) given (modulo
the space of inner derivations) by the even operator
Eα := t∂t + αθ1∂θ1 + θ2∂θ2 .
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There is only one non-trivial central extension (for a proof, see [KvL]) given by the even
cocycle c with the following non-zero values:
c(Lm, Ln) =
1
2
m(m2 − (α + 1)2)δm,−n,
c(tn+1∂θi , S
j
m) = −m(m− α+ 1)δm,−nδm,j ,
c(Gm, Gn) = mδm,−n,
c(tmθ1∂θ2 , t
nθ2∂θ1) = mδm,−n,
where
Sjn := t
n−1θj
(
t∂t +
1
2
(n + α)(θ1∂θ1 + θ2∂θ2)
)
.
6.6.2. Theorem (No NIS on ŝvect
L
α(1|2)). On ŝvect
L
α(1|2) with any of Cartan matrices (95),
there is no NIS compatible with the principal grading degX±i = ±1 for all i. Conjecturally,
there is no NIS whatsoever.
Proof. Induction, beginning with degree 0, see (4), leads to a contradiction. 
6.7. The exceptional simple vectorial Lie superalgebras for p = 3.
6.7.1. vas(4;N |4) for p = 3. For g = vas(4;N |4) and any p 6= 2, we have the following
description: g0¯ = vect(4;N |0), and g1¯ = Ω1(4;N |0) ⊗Ω0(4;N |0) Vol−1/2(4;N |0) with the natural
g0¯-action on g1¯ and the bracket of odd elements is given by[
ω1√
vol
,
ω2√
vol
]
=
dω1 ∧ ω2 + ω1 ∧ dω2
vol
,
where we identify
dxi ∧ dxj ∧ dxk
vol
= sign(ijkl)∂xl for any permutation (ijkl) of (1234).
For p = 3, when −1
2
= 1, we have the following odd NIS on vas(4;N |4):
(f(u)∂i, g(u)duj vol) = δi,j
∫
fg vol .
Having in mind Fact (Subsection 1.1.1) and the fact that vas is a deform of sle(4), it is no
wonder that there is an odd NIS on vas.
6.7.2. Lie superalgebras indigenous to p = 3. In [BoL1, BoGL], there are constructed
two super analogs of the Melikyan algebra (one, as a Cartan prolong of a non-positive part
of the exceptional Lie superalgebra g(2, 3), the other one analogous of the original Melikyan’s
construction, with k(1;1|1) for p = 3 instead of vect(1;1) for p = 5), and 5 more vectorial
algebras indigenous to p = 3. Lemma 5.1 shows that the only superalgebras among the following
seven exceptions
(97)
Bj(1;N |7) see [BoL1]
Bj(3;N |5) N was forgotten in [BoGL], recovered in [BGLLS1]
Me(3;N |3), Bj(3;N |3) see [BoGL]
Bj(4;N |5) missed in [BoGL], added in [BGLLS1]
Bj(3;N |4) see [BGLLS1] (denoted by BRJ in [BoGL])
Brj(4|3) see the latest arXiv version of [BoGL]
that could have a NIS are Me(3;N |3), Bj(2)(3;N |5), Bj(1)(3;N |4), Brj(1)(4|3), Bj(1;N |7), and
bj = g(2, 3)(1)/c. The last one has a NIS thanks to (4), whereas SuperLie proves that each of
the other algebras has a NIS. These NISes are corollaries of the necessary, but not sufficient,
conditions of Lemma 5.1; the ambient algebras do not have NIS. We give analogs of eqs. (80)
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and (81), which also have to be proved separately, in Subsection 6.8. For simplicity, we give
the answer only for N = 1.
• Observe that Me(3;N |3) is a subalgebra of k(t, x1, x2;N |x3, x4, x5), the latter preserving to
the distribution singled out by the form (see [BoGL])
α = dt− x1dx2 + x2dx1 + x3dx3 + x4dx4 + x5dx5.
On k(3;N |3), there is no NIS, see Subsection 5.6. The odd NIS on g = Me(3;1|3) ⊂ k(3;N |3)
is given by pairing g−2 with the component gh of highest degree h, and extending to other pairs
of elements by invariance. For example, for N = 1 we have h = 5 and
(1, 2t(2)x
(2)
2 x3 + t
(2)x1x2x4 + 2t
(2)x
(2)
1 x5 + 2t
(2)x3x4x5 + x
(2)
1 x
(2)
2 x3x4x5) = 1.
• For any p 6= 2 and Cartan matrix of ag(2), the Cartan prolongs of the non-positive part
in any its Z-grading return ag(2), except for p = 3 where for the Cartan matrix 1) in (98) and
its Z-grading r = (100), the Cartan prolongs yield the simple subalgebras of series Bj(1;N |7),
and the exceptional algebra bj = g(2, 3)(1)/c whose double extension g(2, 3) has 5 inequivalent
Cartan matrices, see [BGL].
The Lie superalgebra g = ag(2) over C has the following four non-equivalent Cartan matrices,
see [CCLL, BGL]; we use Chevalley generators corresponding to matrix 1):
(98) 1)


0 1 0
−1 2 −3
0 −1 2

 2)


0 1 0
−1 0 3
0 −1 2

 3)


0 −3 1
−3 0 2
−1 −2 2

 4)


2 −1 0
−3 0 2
0 −1 1


From an explicit description of g(2) and its first fundamental representation, e.g., see [FH], we
deduce an explicit form of the non-positive elements of g ⊂ k(1|7) which we give in terms of
the generating functions with respect to the contact bracket corresponding to the contact form
(99) α = dt−
∑
i=1,2,3
(vidwi + widvi) + 2udu,
where the vi, wi and u are odd; our notation match [FH], p. 354, while our X
+
i and X
−
i
correspond to Xi and Yi of [FH], p. 340, respectively.
We also set X±3 := [X
±
1 , X
±
2 ], X
±
4 := [X
±
1 , X
±
3 ], X
±
5 := [X
±
1 , X
±
4 ], X
±
6 := [X
±
2 , X
±
5 ].
To describe the g0-module g−1 = Span(u and vi, wi for i = 1, 2, 3), only the highest weight
vector suffices:
gi the generating functions of generators of the g0-modules gi
g−2 1
g−1 v3
g0 z = Span(t), X
+
1 = −v3w2 − uv1, X−1 = −v2w3 − uw1, X+2 = v2w1, X−2 = v1w2.
As expected, for p = 0 and p > 3, the CTS prolong is isomorphic to ag(2).
For p = 3, the Lie algebra g0 is not simple, but has a simple Lie subalgebra isomorphic to
psl(3) generated by x±1 = X
±
1 , and x
±
2 = [X1, X
±
2 ]. Let g˜0 := psl(3)⊕ z, where the center of g˜0
is z = Span(t+ v1w1 + v2w2 + 2 v3w3).
The g˜0-module g1 splits into two irreducible components: a 0|1-dimensional, and 0|7-dimensi-
onal with lowest weight vectors, respectively:
V ′1 v1v2w3 + v1uw1 + v2uw2 + 2v3uw3 + v3w1w2
V ′′1 tw3 + v1w1w3 + v2w2w3 + uw1w2
Since g1 generates the positive part of the CTS prolong, [g1, g−1] = g˜0, the g˜0-module g−1 is
irreducible, and [g−1, g−1] = g−2, the standard criterion for simplicity ensures that the general-
ized Cartan prolong is simple; we denote it Bj(1;N |7).
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The positive components of Bj(1;N |7) are all of dimension 8 (the direct sums gk = g′k ⊕ g′′k
of irreducible g0-modules of dimension 1 and 7, up to parity), except the one of the highest
degree (2(3N − 1)+ 3− 2 = 2 · 3N − 1), which is of dimension 1, and the second highest degree,
which is of dimension 7. Let V ′k and V
′′
k be the lowest weight vectors (with respect to g0) of g
′
k
and g′′k, respectively for N = 1:
V ′2 t
2 + 2v3uw1w2 + v2v3w2w3 + v1v3w1w3 + 2v1v2w1w2 + 2v1v2uw3
V ′′2 2v1uw1w3 + 2v2uw2w3 + 2v3w1w2w3 + tuw3 + 2tw2w3
V ′3 tv1v2w3 + tv1uw1 + tv2uw2 + 2tv3uw3 + tv3w1w2
V ′′3 t
2w3 + tuw1w2 + 2v1v2w1w2w3 + tv1w2w3 + tv2w2w3 + 2v3uw2w3
V ′′4 2v1v2uw1w2w3 + 2tv1uw1w3 + 2tv2uw2w3 + 2tv3w1w2w3 + t
2uw3 + 2t
2w1w2
V ′5 2v1v2v3uw1w2w3 + 2t
2v1v2w3 + 2t
2v1uw1 + 2t
2v2uw2 + t
2v3uw3 + 2t
2v3w1w2
A subalgebra of Bj(1;N |7): let g′′1 be generated by V ′′1 , as g˜0-module. Let bj := (g−, g0, g′′1)∗
denote the partial prolong. This is a simple Lie superalgebra of dimension (10|14) with
bj2 = Span(t
2 + 2v1v2uw2 + 2v1v2w1w2 + v1v2w1w3 + v2v3w2w3 + 2v3uw1w2)
and bj3 = 0.
6.8. Abomination expressions. In what follows elements of different parity are separated
by a bar: (even|odd).
• The odd NIS on Bj(1;1|7) is given by paring of g−2 with g5, and extending to other pairs
of elements by invariance:
(−1, η1η2η3θ1ξ1ξ2ξ3 + 2η1θ1ξ1t(2) + η2θ1ξ2t(2) + η3θ1ξ3t(2) + η2η3ξ1t(2) + η1ξ2ξ3t(2)) = 1.
•We realizeBrj(1)(3;1; |4) as a Lie subsuperalgebra of vect(3;1|4) in indeterminates (even|odd)
x1, x2, x3 | x4, x5, x6, x7. The odd NIS on Bj(1)(3;1|4) is given by paring of g−3 with g6, and
extending to other pairs of elements by invariance, where p(v) = 1¯ and g−3 = Span(v = ∂4);
for a basis in g6 we take the even element w:
(v, w) = 1
w = x1x
(2)
2 x3∂1 + x
(2)
1 x
(2)
3 ∂1 + 2x1x2x
(2)
3 ∂2 + 2x
(2)
2 x
(2)
3 ∂3 + x
(2)
2 x4∂5 + 2x1x3x4∂5 + 2x2x3x4∂6 + 2x
(2)
2 x3x4∂4 + 2x
(2)
3 x4∂7
+ x1x
(2)
3 x4∂4 + x1x
(2)
3 x5∂5 + 2x2x
(2)
3 x5∂6 + 2x
(2)
3 x4x5∂1 + 2x1x2x3x6∂5 + 2x
(2)
2 x3x6∂6 + 2x1x
(2)
3 x6∂6 + 2x2x
(2)
3 x6∂7
+ 2x2x3x4x6∂1 + 2x
(2)
3 x4x6∂2 + 2x2x
(2)
3 x5x6∂1 + 2x1x
(2)
2 x7∂5 + 2x
(2)
1 x3x7∂5 + x1x2x3x7∂6 + x
(2)
2 x3x7∂7 + x
(2)
3 x4x7∂3
+ x3x4x5x7∂5 + x
(2)
3 x4x5x7∂4 + x1x2x3x6x7∂1 + x2x
(2)
3 x6x7∂3 + 2x2x4x6x7∂5 + x3x4x6x7∂6 + 2x
(2)
3 x5x6x7∂6
+ 2x2x
(2)
3 x5x6x7∂4.
•We realizeBrj(2)(3;1; |5) as a Lie subsuperalgebra of vect(3;1|5) in indeterminates (even|odd)
x1, x4, x5 | x2, x3, x6, x7, x8. The odd NIS on Brj(2)(3;1|5) is given by paring of g−2 with g5,
and extending to other pairs of elements by invariance, where g5 = Span(w2, w3 | w1) and
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g−2 = Span(v1 = ∂1 | v2 = ∂2, v3 = ∂3):
(v1, w1) = 2, (v2, w3) = 1, (v3, w2) = 2,
w1 = (x
(2)
1 x2)∂4 + 2(x
(2)
1 x3)∂5 + 2(x
(2)
1 x6x7)∂6 + 2(x1x3x6x7)∂4 + (x
(2)
1 x6x8)∂7 + 2(x1x3x6x8)∂5
+ 2(x
(2)
1 x7x8)∂8 + 2(x1x2x7x8)∂5 + 2(x
(2)
1 x6x7x8)∂1 + 2(x1x2x6x7x8)∂2 + 2(x1x3x6x7x8)∂3,
w2 = 2(x
(2)
1 x2)∂6 + 2(x
(2)
1 x3)∂7 + 2(x1x2x3)∂4 + (x
(2)
1 x3x4)∂2 + 2(x
(2)
1 x2x5)∂2 + (x
(2)
1 x3x5)∂3 + 2(x
(2)
1 x4x5)∂4 + (x
(2)
1 x
(2)
5 )∂5
+ (x
(2)
1 x5x6)∂6 + 2(x1x3x5x6)∂4 + (x
(2)
1 x3x7)∂1 + (x
(2)
1 x4x7)∂6 + 2(x1x3x4x7)∂4 + (x1x2x5x7)∂4 + 2(x1x3x5x7)∂5
+ (x1x3x5x6x7)∂2 + (x1x
(2)
5 x6x7)∂4 + 2(x
(2)
1 x4x8)∂7 + 2(x1x3x4x8)∂5 + 2(x
(2)
1 x5x8)∂8 + (x1x2x5x8)∂5
+ (x1x3x4x6x8)∂2 + 2(x1x2x5x6x8)∂2 + (x1x
(2)
5 x6x8)∂5 + 2(x1x2x7x8)∂7 + 2(x1x3x7x8)∂8 + (x2x3x7x8)∂5
+ (x
(2)
1 x4x7x8)∂1 + 2(x1x3x4x7x8)∂3 + (x1x2x5x7x8)∂3 + (x1x4x5x7x8)∂5 + (x2x3x6x7x8)∂2 + (x1x5x6x7x8)∂7
+ (x3x5x6x7x8)∂5 + (x1x4x5x6x7x8)∂2 + (x1x
(2)
5 x6x7x8)∂3,
w3 = 2(x
(2)
1 x2)∂7 + 2(x
(2)
1 x3)∂8 + (x1x2x3)∂5 + (x
(2)
1 x2x4)∂2 + 2(x
(2)
1 x3x4)∂3 + (x
(2)
1 x
(2)
4 )∂4 + (x
(2)
1 x2x5)∂3 + 2(x
(2)
1 x4x5)∂5
+ 2(x
(2)
1 x3x6)∂1 + 2(x
(2)
1 x4x6)∂6 + (x1x3x4x6)∂4 + 2(x
(2)
1 x5x6)∂7 + 2(x1x2x5x6)∂4 + (x
(2)
1 x2x7)∂1 + 2(x1x2x4x7)∂4
+ (x1x3x4x7)∂5 + (x
(2)
1 x5x7)∂8 + 2(x1x2x5x7)∂5 + (x1x2x6x7)∂6 + (x1x3x6x7)∂7 + (x2x3x6x7)∂4 + 2(x1x3x4x6x7)∂2
+ (x
(2)
1 x5x6x7)∂1 + (x1x2x5x6x7)∂2 + 2(x1x4x5x6x7)∂4 + (x
(2)
1 x4x8)∂8 + 2(x1x2x4x8)∂5 + 2(x1x2x6x8)∂7
+ 2(x1x3x6x8)∂8 + (x2x3x6x8)∂5 + (x1x2x4x6x8)∂2 + 2(x1x4x5x6x8)∂5 + 2(x1x2x4x7x8)∂3 + 2(x1x
(2)
4 x7x8)∂5
+ (x1x2x6x7x8)∂1 + (x2x3x6x7x8)∂3 + 2(x1x4x6x7x8)∂7 + 2(x3x4x6x7x8)∂5 + 2(x1x
(2)
4 x6x7x8)∂2
+ 2(x1x5x6x7x8)∂8 + (x2x5x6x7x8)∂5 + 2(x1x4x5x6x7x8)∂3.
•We realize Brj(1)(4|3) as a Lie subsuperalgebra of vect(4;1|3) in indeterminates (even|odd)
x1, x2, x3, x4 | x5, x6, x7. The odd NIS on Brj(1)(4|3) is given by paring of g−4 with g10, and
extending to other pairs of elements by invariance, where g−4 = Span(v2 = 2∂1 | v1 = ∂5) and
g10 = Span(w2 | w1):
(v1, w2) = 1, (v2, w1) = 2,
w1 = 2x
(2)
1 x2∂4 + x
(2)
1 x
(2)
2 ∂1 + x
(2)
1 x2x3∂2 + 2x1x
(2)
2 x3∂3 + 2x
(2)
1 x
(2)
3 ∂3 + x1x
(2)
2 x4∂4 + 2x
(2)
1 x3x4∂4 + 2x
(2)
1 x5∂6 + x1x2x5∂7
+ x1x
(2)
2 x5∂5 + 2x
(2)
1 x3x5∂5 + 2x1x2x4x5∂6 + 2x
(2)
2 x4x5∂7 + x1x3x4x5∂7 + x
(2)
2 x
(2)
4 x5∂6 + 2x1x3x
(2)
4 x5∂6
+ 2x1x
(2)
2 x6∂6 + x1x2x3x6∂7 + 2x1x2x3x4x6∂6 + 2x
(2)
2 x3x4x6∂7 + 2x1x
(2)
3 x4x6∂7 + x
(2)
2 x3x
(2)
4 x6∂6 + x1x
(2)
3 x
(2)
4 x6∂6
+ 2x
(2)
1 x5x6∂1 + x1x2x5x6∂2 + 2x
(2)
2 x5x6∂3 + x1x3x5x6∂3 + x1x2x4x5x6∂1 + 2x
(2)
2 x
(2)
4 x5x6∂1 + x1x3x
(2)
4 x5x6∂1
+ x1x
(2)
2 x7∂7 + x
(2)
1 x3x7∂7 + 2x1x2x3x4x7∂7 + x
(2)
2 x3x
(2)
4 x7∂7 + x1x
(2)
3 x
(2)
4 x7∂7 + 2x1x2x5x7∂3 + x1x2x4x5x7∂2
+ x
(2)
2 x4x5x7∂3 + 2x1x3x4x5x7∂3 + 2x1x2x
(2)
4 x5x7∂1 + x
(2)
2 x
(2)
4 x5x7∂2 + 2x1x3x
(2)
4 x5x7∂2 + x
(2)
1 x6x7∂4
+ 2x1x2x3x6x7∂3 + x1x2x4x6x7∂4 + x1x2x3x4x6x7∂2 + x
(2)
2 x3x4x6x7∂3 + x1x
(2)
3 x4x6x7∂3 + 2x
(2)
2 x
(2)
4 x6x7∂4
+ x1x3x
(2)
4 x6x7∂4 + 2x1x2x3x
(2)
4 x6x7∂1 + x
(2)
2 x3x
(2)
4 x6x7∂2 + x1x
(2)
3 x
(2)
4 x6x7∂2 + 2x1x5x6x7∂7 + x1x2x5x6x7∂5
+ 2x2x4x5x6x7∂7 + 2x
(2)
2 x4x5x6x7∂5 + x1x3x4x5x6x7∂5 + 2x3x
(2)
4 x5x6x7∂7,
w2 = x
(2)
1 x2∂7 + x
(2)
1 x
(2)
2 ∂5 + 2x
(2)
1 x2x4∂6 + 2x1x
(2)
2 x4∂7 + x1x
(2)
2 x
(2)
4 ∂6 + 2x
(2)
1 x5∂3 + x
(2)
1 x2x6∂2 + 2x1x
(2)
2 x6∂3
+ 2x
(2)
1 x4x6∂4 + x
(2)
1 x2x4x6∂1 + 2x1x
(2)
2 x
(2)
4 x6∂1 + 2x1x4x5x6∂7 + x1x
(2)
4 x5x6∂6 + 2x
(2)
1 x2x7∂3 + x
(2)
1 x2x4x7∂2
+ x1x
(2)
2 x4x7∂3 + x
(2)
1 x
(2)
4 x7∂4 + 2x
(2)
1 x2x
(2)
4 x7∂1 + x1x
(2)
2 x
(2)
4 x7∂2 + x1x
(2)
4 x5x7∂7 + x
(2)
1 x6x7∂7 + x
(2)
1 x2x6x7∂5
+ 2x1x2x4x6x7∂7 + 2x1x
(2)
2 x4x6x7∂5 + x
(2)
2 x
(2)
4 x6x7∂7 + x1x4x5x6x7∂3 + x1x
(2)
4 x5x6x7∂2.
7. Summary: NIS on simple Lie (super)algebras
Some NISes listed below under even (resp. odd) Subsection are actually odd (resp. even)
depending on a parameter, as indicated.
7.1. NIS even. 1) Lie (super)algebras g(A) over C with any symmetrizable Cartan matrix A
have a NIS; these algebras are simple if and only if A is invertible. (Aside: These algebras
are Z-graded, and as such they fall into three classes: finite-dimensional, of polynomial growth
and of exponential growth. The simple Lie superalgebras of the first two types, and certain
“islands” in the ocean of the third type are classified, see [CCLL] and references therein.)
Nondegenerate invariant (super)symmetric bilinear forms on simple Lie (super)algebras 37
2) dim g <∞ over C. There is an even NIS on h(1)(2n). Its double extension is po(0|2n).
2p) Over K of characteristic p, there is a NIS on h(1)(0|m) for m ≥ 4, and we see that
p(NIS) = m (mod 2). The double extension of h(1)(0|m) is po(0|m) except for p = 2 and
m = 4, where there are 3 non-isometric double extensions, see [BeBou].
3) (Twisted) loop superalgebras over C. These are Lie superalgebras (g)
ℓ(m)
ψ corresponding
to lines 1 through 10 of table (101). (Aside: The twisted loop superalgebras corresponding
to lines 5, 6, 8, 9 of table (101) and loop superalgebras (h(1)(2n))ℓ(1) do not have any Cartan
matrix.)
4) Stringy Lie superalgebra kL(1|6) over C has a NIS. No central extensions, no outer deriva-
tions.
5) The following simple vectorial Lie superalgebras in positive characteristic have NIS:
k(2n+1;N |m) if 2n+2−m ≡ −4 (mod p), see (84), where p > 2, and p(NIS) = m (mod 2);
the Melikyan algebra (for p = 5);
several of Skryabin algebras for p = 3, namely, by(1)(7;N), my(6;N), smy(6;N), see [GL];
the Lie algebra vect(n;N) has a NIS if and only if either n = 1 and p = 3 or n = p = 2; if
n > 2, then svect(1)(n;N) has a NIS if and only if n = 3, see Subsection 5.2;
the simple Lie algebra h
(∞)
ω (2k;N |0) has a NIS, see Subsection 5.5.1;
for deforms of o(5) for p = 3, see Claim 3.2.1;
for deforms of Lie algebras g = br(3) and Lie superalgebra brj(2; 3) for p = 3, and wk(4;α),
where α 6= 0, 1, for p = 2, see Claim 3.3;
for deforms of Lie algebras wk(3;α) andwk(1)(3;α)/c, where α 6= 0, 1, for p = 2, see Claim 3.4.
7.2. NIS odd. 1) dim g <∞ over C. These are psq(n) for n ≥ 3 and h(1)(0|2n+1) for n ≥ 2.
The corresponding double extensions are q(n) and po(0|2n+ 1).
1p) Over K of characteristic 2 and m ≥ 5 odd, where there are 2 non-isometric double
extensions of h(1)(0|m), see [BeBou].
2) (Twisted) loop superalgebras over C. These are (psq(n))ℓ(2) and (h(1)(0|2n + 1))ℓ(2) and
Lie superalgebras corresponding to lines 10 and 11 of table (101). Observe that a (there are
several, their isometry classes are unknown) double extension corresponding to line 10 does
have Cartan matrices, albeit non-symmetrizable ones.
3) Stringy Lie superalgebra kL(1|7) over C has a NIS. No central extensions, no outer deriva-
tions.
Observe that ŝvect
L
α(1|2) has a Cartan matrix, albeit non-symmetrizable one, and svectLα(1|2)
has a non-trivial central extension and an outer derivation, but no NIS; no NIS on ŝvect
L
α(1|2),
either.
4) For p = 2, the queerification q(g) (see [BLLSq]) of any simple restricted Lie algebra g with
a NIS has an odd NIS, see Subsection 6.2.
5) There is a NIS on sb(n;N) and sle(1)(n;N), where p(NIS) ≡ n + 1 (mod 2), see Subsec-
tion 6.4.
6) On Me(3;N |3), Bj(2)(3;N |5), Bj(1)(3;N |4), Brj(1)(4|3), Bj(1;N |7), see Subsection 6.7.2.
7) on vas(4;N |4) for p = 3, see Subsection 6.7.1.
7.3. Open problems. 1) Extend to any N the results and formulas obtained in Subsec-
tions 6.7.2 and 6.8 for N = 1.
2) Conjecturally, all non-trivial central extensions of (twisted) loop superalgebras with values
in finite-dimensional simple Lie superalgebras are those listed in Subserction 6.5.2. Which of
these extensions can be extended to double extensions and which of these double extensions
belong to one isometry class?
3) Prove conjectures 5.4.1, 6.5.2a and 6.6.2.
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4) Investigate if there is a NIS on deforms of bλ(n), see Subsection 4.15.
5) Related to this paper are several conjectures, listed in the order of feasibility.
5a) Classification of simple Z-graded Lie superalgebras of polynomial growth over C: they
are (a) the finite-dimensional ones, (b) vectorial (with polynomial coefficients), (c) stringy (with
Laurent coefficients) and (d) (twisted) loop superalgebras. Since the time this conjecture was
formulated in [LSS] it was partly proved. Still an open problem is to prove that the (twisted)
loop Lie superalgebras (101) are all that remains to add to the classifications in cases (a)–(c).
5b) Classification of simple finite-dimensional Lie algebras over an algebraically closed field K
of characteristic 3: conjecturally these are the examples obtained by means of the Kostrikin-
Shafarevich procedure, examples listed in [GL], and deforms of these two types of examples.
5c) Classification of simple finite-dimensional Lie superalgebras over an algebraically closed
field K of characteristic > 5. For a formulation of the conjecture, see [BGLLS].
6) Consider deforms with odd parameters; for the cases where they are classified, see [BGLd].
7) Consider general Lie algebras of matrices of complex size gl(λ) := (U(sl(2))/(C2−λ2+1))L,
where AL is the Lie algebra associated with the associative algebra A and C2 is the 2nd order
Casimir, and the ortho/symplectic subalgebras of gl(λ), where λ ∈ C, see [GL96, LSe]. Consider
generalizations of these Lie algebras related with simple Lie algebras g of rank > 1 instead of
sl(2). Consider super versions of these Lie algebras. Most of them (or all?) have a NIS.
8) Simple Lie (super)algebras for p = 2. For a general theory of double extensions — quite
different from that for p 6= 2 — and interesting examples, see [BeBou]. Additionally, for selected
examples, see Subsections 3.1, 3.3, 3.4; for a wide series of examples, see Subsection 6.2.
9) Lie algebras of pseudodifferential operators, see [Dz4].
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8. Tables
In Tables (100) and (101), let AdA(X) := A
−1XA for any X ∈ gl(m|n) and some even
invertible A ∈ gl(m|n).
Table 1. Finite order automorphisms of simple finite-dimensional Lie superal-
gebras g over C and of their double extensions ([Se])
(100)
per ∈ Aut ospε3 (4|2), where ε3 :=
1
2
(−1 ± i√3) per(a, u) = ((a3, a1, a2), εu3 ⊗ u1 ⊗ u2)
d23 ∈ Aut ospλ(4|2), where Reλ = − 12 d23(a, u) = ((a1, a3, a2), u1 ⊗ u3 ⊗ u2) for any
(a1, a2, a3) ∈ sl(V1)⊕ sl(V2)⊕ sl(V3) = ospα(4|2)0¯
and u1 ⊗ u2 ⊗ u3 ∈ V1 ⊗ V2 ⊗ V3 = ospα(4|2)1¯
A ∈ Aut po(0|2n), where po(0|2n) ≃ C[θ1, . . . , θ2n] A(θi) = (−1)δ1i θi,
B ∈ Aut po(0|2n) B(θi) = θi + ∂θi (θ1 . . . θ2n),
δλ ∈


Aut vect(0|n), where vect(0|n) = derC[θ1, . . . , θn]
Aut gl(n|m), where λ ∈ C×
δλ(θi) = λθi for all i
δλ
(
AB
CD
)
=
(
A λB
λ−1C D
)
Pty ∈ Aut g Pty(x) = (−1)p(x) for any x ∈ g
AdJk,2n(A) ∈ Aut osp(k|2n) where Jk,2n(A) = diag(A, 12n) for any A ∈ O(k) such that detA = −1, AAt = 1
− st ∈ Aut gl(n|m) − st
(
A B
C D
)
=
(
−At Ct
−Bt −Dt
)
Π ∈ Aut gl(n|n) Π
(
A B
C D
)
=
(
D C
B A
)
q ∈ Aut q(n) q : (A,B) 7−→ (−At, iBt)
Table 2. Lie superalgebras g
ℓ(m)
ψ and components gi for 0≤ i¯≤m−1 (after [Se, LSS])
The osp(m|2n)= ospB(V )-module S2(V ) is reducible: S2(V )=S20(V )⊕CB. Set Tm,n :=diag(−1,12m−1,12n)
for m> 0; let J2n=antidiag(1n,−1n), set Bm,2n :=diag(1m,J2n). The components gi¯ are described as g0¯-
modules. Let ε3 :=
1
2
(−1± i√3). In line 8, let Lk be the irreducible osp(1|2)-module with highest weight k and
even highest weight vector. For g0¯⊂gl(V ) we denote by id the tautological g0¯-module V ; let ad be the adjoint
g0¯-module. In line 1, g is any simple finite-dimensional Lie superalgebra.
(101)
g ψ g0¯ g1¯ g2¯ g3¯
1 g id g − − −
2 sl(2m|2n) AdB2m,2n ◦(−st) osp(2m|2n) S20(id) − −
3 sl(2m+1|2n) AdB2m+1,2n ◦(−st) osp(2m+1|2n) S20(id) Π(id) Π(id)
4 psl(2n|2n) AdB2n,2n ◦(−st) osp(2n|2n) S20(id) − −
5 psl(n|n) for n> 2 Π pq(n) ad∗ − −
6 psl(n|n) for n> 2 Π◦(−st) spe(n) ad∗ − −
7 osp(2m|2n) AdTm,n osp(2m−1|2n) id − −
8 ospε3(4|2) per osp(1|2) ad=L2 Π(L3) −
9 h(1)(2n) for n> 2 induced by A∈Autpo(0|2n) h(2n−1) ad∗ − −
10 psq(n) for n> 2 q o(n) Π(S20 (id)) S
2
0(id) Π(E
2(id))
11 psq(n) for n> 2 δ−1 sl(n) Π(ad) − −
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